
s

article
xtend
cluding
dynam-
rgence
alysis
for large

wn by
smaller

v effect

;

Nuclear Physics A 760 (2005) 110–138

Naïve dimensional analysis for three-body force
without pions

Harald W. Grießhammer

Institut für Theoretische Physik (T39), Physik-Department, Technische Universität München,
D-85747 Garching, Germany

Received 7 March 2005; received in revised form 13 May 2005; accepted 31 May 2005

Available online 29 June 2005

Abstract

For systems of three identical particles in which short-range forces produce shallow two-p
bound states, and in particular for the “pionless” effective field theory of nuclear physics, I e
and systematise the power-counting of three-body forces to all partial waves and orders, in
external currents. With low-energy observables independent of the details of short-distance
ics, the typical strength of a three-body force is determined from the superficial degree of dive
of the three-body diagrams which contain only two-body forces. This naïve dimensional an
must be amended as the asymptotic solution to the leading-order Faddeev equation depends
off-shell momenta crucially on the partial wave and spin combination of the system. It is sho
analytic construction to be weaker than expected in most channels with angular momentum
than 3. This demotes many three-nucleon forces to high orders. Observables like the4S3/2-scattering
length are less sensitive to three-nucleon forces than guessed. I also comment on the Efimo
and limit-cycle for non-zero angular momentum.
 2005 Elsevier B.V. All rights reserved.

PACS:02.30.Rz; 02.30.Uu; 11.80.Jy; 13.75.Cs; 14.20.Dh; 21.30.-x; 25.40.Dn; 27.10.+h

Keywords:Effective field theory; Three-body system; Three-body force; Faddeev equation; Partial waves
Mellin transform
E-mail addresses:hgrie@physik.tu-muenchen.de, hgrie@ph.tum.de (H.W. Grießhammer).

0375-9474/$ – see front matter 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysa.2005.05.202



H.W. Grießhammer / Nuclear Physics A 760 (2005) 110–138 111

s much
re of-
ut such
ower is

sics
eters,
h also
mall pa-
scale,
allows
eeping
of all
ntangle

is [1].
hysics,
ort
led by
ort-
ergence
r, and
us de-
found
of the
ning:

iven
theory
oeffi-

racy.
ry in
count-
oning
d non-
hysics.
f free-

uch a
rmal-
rooted
. The
cales
f free-
1. Introduction

Three-body forces parameterise the interactions between three particles on scale
smaller than what can be resolved by two-body interactions. Traditionally, they we
ten introduced a posteriori to cure discrepancies between experiment and theory, b
an approach is, of course, untenable when data are scarce or absent, predictive p
required, or one- or two-body properties are extracted from three-body data.

The pivotal promise of an Effective Field Theory (EFT) is that it describes all phy
below a certain “breakdown scale” to a given accuracy with the minimal set of param
and that it hence predicts in a model-independent way the typical strength with whic
three-body forces enter in observables. This promise is based on a dimensionless, s
rameter: the typical momentum of the low-energy process in units of the breakdown
namely, of the scale on which details of the short-range interactions are resolved. It
one to truncate the momentum expansion of the forces at a given level of accuracy, k
only and all the terms up to a given order, and thus establishes a “power-counting”
forces. One can then estimate a priori the experimental accuracy necessary to dise
particular effects like a three-body force in observables.

The power-counting is to a high degree determined by naïve dimensional analys
As low-energy observables must be insensitive to the details of short-distance p
they are, in particular, independent of a cut-offΛ employed to regulate the theory at sh
distances. Typically, a divergence from loop integrations must therefore be cancel
at least one coefficientC(Λ) in the EFT Lagrangean, which thus also encodes sh
distance dynamics. This counter-term enters hence at the same order as the first div
which it must absorb. It ensures that the EFT is cut-off independent at each orde
therefore renormalisable and self-consistent. With the running of the counter-term th
termined, its initial condition provides an unknown, free parameter which has to be
from experiment. Naïve dimensional analysis assumes now that the typical size
counter-term is “natural”, i.e., at most of the same magnitude as the size of its run
C(Λ) ∼ C(2Λ) ∼ C(2Λ) − C(Λ). Thus, it guarantees that the EFT contains at a g
order the minimal number of free parameters which are necessary to render the
renormalisable, and by that also the minimal number of independent low-energy c
cients necessary to describe all low-energy phenomenology to a given level of accu

When all interactions are treated perturbatively, like in chiral perturbation theo
the purely mesonic sector, naïve dimensional analysis amounts to little more than
ing the mass-dimension of an interaction [1]. I will demonstrate that such reas
becomes, however, too simplistic when some interactions in the EFT must be treate
perturbatively. This is the case in nuclear physics, and for some systems of atomic p

While the separation of scales between low-energy and high-energy degrees o
dom in nuclear physics makes it an ideal playground for EFT-methods, finding s
power-counting proves a difficult goal for few-nucleon systems. To establish a fo
ism which is self-consistent, agrees with nuclear phenomenology and can firmly be
in QCD, one has to cope with shallow real and virtual few-nucleon bound-states
deuteron size of≈ 4.3 fm, for example, seems not to be connected even to the soft s
of QCD, e.g., the pion mass or decay constant. The effective low-energy degrees o

dom and symmetries of QCD dictate a unique Lagrangean; but there are conceptually quite
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different ordering-schemes available for the few-nucleon system which lead to diff
experimentally falsifiable predictions. The naïvest versions perturb around the free
and hence cannot accommodate shallow bound-states at all. They are self-consist
not consistent with nature. Weinberg [2] proposed to build few-nucleon systems f
nucleon–nucleon potential which consists of contact interactions and pion-exchange
strained by chiral symmetry. The interactions in the potential are ordered following
dimensional analysis as if the theory would be perturbative, and the potential is the
ated to produce the unnaturally large length scales in the two-nucleon system by fine
between long- and short-distance contributions. Few-nucleon interactions are adde
the same prescription. Whether this approach correctly and self-consistently repr
QCD at low energies in the three and more nucleon sector is an open question.

However, low-lying few-body bound-states also offer the opportunity for a more
ical approach: for momenta below the pion mass, the only forces can be taken
point-like two and more nucleon interactions. This nuclear effective field theory wit
ons integrated out (EFT(/π )) is in the two-nucleon system manifestly self-consistent
proves—on quite general grounds—to be the correct version of QCD at extreme
energies, once fine-tuning is observed, see Refs. [3–5] for recent reviews. A pleth
pivotal physical processes which are both interesting in their own right and impo
for astrophysical applications and fundamental questions, e.g., big-bang nucleosy
and static neutron properties, were investigated with high accuracy. One obtains u
quite simple, analytic results, and most of the coefficients are determined by simple
known long-range observables. Recently, a manifestly self-consistent power-count
the three-nucleon forces of EFT(/π ) in the2S1/2-wave ofNd scattering was established [6
8]. First high-accuracy calculations also including external sources are now perform
A remarkable phenomenon of this channel is that the first three-body force appears
at leading order to stabilise the wave-function against collapse [10], leading to a new
malisation group phenomenon, the “limit-cycle” [11–13], manifested also by the Efi
effect [11,14]. This can also be shown using a subtraction method [15]. It was also
firmed by an analysis of the renormalisation group flow in the position-space vers
the problem [16].

EFT(/π ) is universal in a dual sense. First, its methods can be applied to a host o
tems in which short-range forces conspire to produce shallow two-particle bound
one example are identical spinless bosons, found in bound-states of neutral atoms
4He dimer and trimer which are bound by van der Waals forces, or loss rates in
Einstein condensates near Feshbach resonances, see Ref. [17] for a review. Ou
are thus readily taken over to such systems. Second, any consistent EFT of nu
and pions must reduce to EFT(/π ) in the extreme low-energy limit. Therefore, lesso
learned in the latter shed light on the consistent systematisation of the former. As
are model-independent, considerably more sophisticated and computationally in
potential-model calculations must agree with the predictions of EFT(/π ) when they repro-
duce the two- and three-body data which are used as input for EFT(/π ) to the same level o
accuracy.

This article confronts the power-counting of three-body forces in any three-particle
tem with large two-particle scattering lengths and only contact interactions. It is orga

as follows. In Section 2.1, the necessary foundations are summarised. After establishing
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the superficial degree of divergence of diagrams which contain only two-body forc
Section 2.2, the far off-shell amplitude of the leading-order Faddeev equation in eac
tial wave is determined analytically in Section 2.4 together with a short discussion
Efimov effect in non-integer partial waves. Section 2.4 then classifies at which or
given three-body force is needed to render cut-off independent results. Physically re
consequences are discussed in Section 3, together with some caveats. After the con
(Section 4), Appendix A sketches some mathematical details. I also correct some e
a brief summary of some of the results in Ref. [18].

2. Three-body forces in EFT(/π )

2.1. Three-body systems with large two-body scattering length

We consider three identical particlesN of massM interacting only with contact force
such that two particles form a shallow real or virtual two-body bound-stated . As the steps
leading to the leading-order (LO) scattering amplitudedN → dN were often describe
in the literature, they are not covered here; see Ref. [19] also for the notation used
following. For convenience, a “deuteron” field is introduced as the auxiliary field w
describes scattering between two particles with an anomalously large scattering
1/γ [20–23]. Its propagator is therefore given by the LO-truncation of the effective-r
expansion [24]:

D(q0, �q) = 1

γ −
√

�q2

4 − Mq0 − iε
. (2.1)

A real bound-stated has at this order the binding energyγ 2/M � Λ/π , much smaller
than the breakdown scale of EFT on which new degrees of freedom are resolved.
three-body system, an infinite number of diagrams contributes at LO, see Fig. 1. The
sponding Faddeev equation for scattering between the auxiliary fieldd and the remaining
particle, first derived by Skorniakov and Ter-Martirosian [25], is unitarily equivalent to
original problem of scattering between three particles [23,26]. One finds forNd scatter-
ing in the lth partial wave in the centre-of-mass system the integral equation for the
off-shell amplitude (before wave-function renormalisation)

t
(l)
λ (E; k,p) = 8πλK(l)(E; k,p)

− 4

π
λ

∞∫
0

dq q2K(l)(E;q,p)D

(
E − q2

2M
,q

)
t
(l)
λ (E; k, q). (2.2)

With the kinematics defined in Fig. 1,E := 3�k2

4M
− γ 2

M
− iε is the total non-relativistic

energy;�k is the relative momentum of the incoming deuteron;�p is the off-shell momentum
of the outgoing one, withp = k the on-shell point; and the projected propagator of

exchanged particle on angular momentuml is
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Fig. 1. Resummation of the infinite number of LO three-body diagrams (top) into the corresponding F
integral equation (bottom). Thick line (D): two-nucleon propagator; thin line (K): propagator of the exchange
nucleon; ellipse: LO half off-shell amplitude.

K(l)(E;q,p) := 1

2

1∫
−1

dx
Pl(x)

p2 + q2 − ME + pqx
= (−1)l

pq
Ql

(
p2 + q2 − ME

pq

)
.

(2.3)

The lth Legendre polynomial of the second kind with complex argument is define
in [27]

Ql(z) = 1

2

1∫
−1

dt
Pl(t)

z − t
. (2.4)

The “spin-parameter”λ depends on the spins of the three particles and how they com
The values for the physically most relevant three-body systems are summarised in T

In EFT(/π ), Nd scattering in theS = 1/2 channel is at first sight described by a mo
complex integral equation because two-nucleon scattering has two anomalously larg
tering lengths: 1/γs in the 1S0-channel, and 1/γt in the 3S1-channel. Therefore, tw
cluster-configurations exist in the three-nucleon system: in one, the spin-triplet au
field dt (the deuteron) combines with the “spectator” nucleonN to total spinS = 3/2
(quartet channel) orS = 1/2 (doublet channel), depending on whether the deuteron
nucleon spins are parallel or antiparallel. In the other, the spin-singlet auxiliary fieds

combines with the remaining nucleon to total spinS = 1/2. In the doublet channel, th

Table 1
The spin-parameterλ for physical systems of identical particles described by (2.2)

λ = 1 λ = − 1
2

3 spinless bosons 3 nucleons coupled toS = 3/2

Wigner-symmetric part of Wigner-antisymmetric part of

3 nucleons coupled toS = 1/2 3 nucleons coupled toS = 1/2
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Faddeev equation is thus two-dimensional: the amplitudet
(l)
d,tt stands for theNdt → Ndt -

process,t (l)d,ts for theNdt → Nds -process, and withDs/t defined analogously to (2.1):(
t
(l)
d,tt

t
(l)
d,ts

)
(E; k,p)

= 2πK(l)(E; k,p)

(
1

−3

)

− 1

π

∞∫
0

dq q2K(l)(E;q,p)

(
1 −3

−3 1

)

×
(

Dt

(
E − q2

2M
,p

)
0

0 Ds

(
E − q2

2M
,p

)
)(

t
(l)
d,tt

t
(l)
d,ts

)
(E; k, q). (2.5)

In the following, we are only interested in the unphysical short-distance behaviour
amplitudes, i.e., in the UV-limit for the half off-shell momenta of (2.5):p,q � k,E,γs/t .
This suffices to determine in Section 2.4 the order at which divergences need to b
celled by counter-terms parameterising three-nucleon interactions. In this limit, theNN

scattering amplitudes are automatically Wigner-SU(4)-symmetric, i.e., symmetric unde
arbitrary combined rotations of spin and isospin [6,28,29]:

lim
q�E,γs/t

Ds/t

(
E − �q2

2M
, �q

)
= lim

q�E,γ
D

(
E − �q2

2M
, �q

)
= − 2√

3

1

q
. (2.6)

Building the following linear combinations which are symmetric, respectively, antis
metric under Wigner transformations,

t
(l)
Ws := 1

2

(
t
(l)
d,tt − t

(l)
d,ts

)
, t

(l)
Wa := 1

2

(
t
(l)
d,tt + t

(l)
d,ts

)
, (2.7)

decouples thus the Faddeev equations of the doublet channel [6]:(
t
(l)
Ws

t
(l)
Wa

)
(p) = 4πK(l)(0;0,p)

(
1

−1/2

)

+ 4√
3π

∞∫
0

dq q2K(l)(0;q,p)

(
2 0
0 −1

)
1

q

(
t
(l)
Ws

t
(l)
Wa

)
(q). (2.8)

t
(l)
Wa obeys in this limit the same integral equation as the quartet-channels, andt

(l)
Ws is identi-

cal to the one for three spinless bosons [6,10]. The problem to construct the UV-beh
of the three-body system with large two-body scattering length simplifies hence to
structing the solution of just one integral equation:

t
(l)
λ (p) = 8πλ lim

k→0
K(l)

(
3k2

4
− γ 2; k,p

)
+ 8λ√

3π
(−1)l

∞∫
0

dq

p
Ql

(
p

q
+ q

p

)
t
(l)
λ (q),
(2.9)
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where the amplitudet (l)λ (p) depends only on the off-shell momentump, the partial wavel,
and the spin–isospin combinationλ. The normalisation of the inhomogeneous part o
provides the overall scale of the solution and is hence irrelevant for the following.

In a slight abuse of terminology, the names “deuteron” and “nucleon” are used
remainder also when three identical bosons are considered.

2.2. Divergences and three-body forces at higher order

Naïve dimensional analysis is based on the UV-behaviour of the scattering amp
as outlined in the introduction, a three-nucleon force is needed at some order as c
term to absorb cut-off dependence induced in the physical amplitudes by divergen
the ingredients of the Faddeev equation are refined to include higher-order effect
running of this three-body force with the cut-off is then assumed to be of the same siz
initial condition, which in turn must be determined from a three-body datum. Equivale
a three-body datum is needed at the same order as the first divergence which m
absorbed by a three-nucleon interaction. We therefore discuss now the superficial
of divergence of higher-order corrections steming form the “two-body sector” of the th

As will be shown in the next subsection, the half off-shell amplitude at large off-
momentap � k is asymptotically given by

t
(l)
λ (p) ∝ klp−sl (λ)−1, (2.10)

wheresl(λ) is in general a complex number which depends on the partial wavel and chan-
nel λ. Higher-order corrections to three-nucleon scattering can be obtained by pert
around the LO solution, see Fig. 2. This is numerically tricky [7,8] also because from
to-next-to-leading order (N2LO) on, the full LO off-shell amplitude must be comput
and convoluted numerically with the corrections, see the centre bottom graph in F
However, it allows a simple determination of the order at which the first divergence oc

The asymptotic form of the amplitude at higher orders, and thus its superficial deg
divergence, follows from a simple power-counting argument: withq the loop-momentum
the non-relativistic nucleon-propagator scales asymptotically as 1/q2, its non-relativistic
kinetic energy asq2/M , and a loop integral counts asq5/M . The deuteron propagato
(2.1) approaches 1/q. Only corrections at NnLO which are proportional to positive powe

Fig. 2. Top: generic loop correction (rectangle) to theNd scattering amplitude at NnLO, proportional toqn.
Bottom, left to right: exemplary higher-order contributions toNd scattering from the effective-range expans

(blob) and SD-mixing (circle). Hatched ellipse: full off-shell amplitude. Notice that the external legs are on-shell.
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of q are relevant in the UV-limit—all other corrections do not modify the leading-o
asymptotics. They appear together with some coefficientsC which encode short-distanc
phenomena and whose magnitude is hence set by the breakdown scale of the theo
corrections scale asymptotically as(q/Λ/π )n ∼ Qn for dimensional reasons. The asym
totics of the generic NnLO-correction to the LO amplitude represented by the rectang
the top graph of Fig. 2 is thus proportional to

klq−(sl (λ)+1) × q5

M

M

q2

1

q

(
q

Λ/π

)n

× kl′q−(sl′ (λ′)+1) ∝ klkl′qn−sl (λ)−sl′ (λ′). (2.11)

We therefore identifyn − sl(λ) − sl′(λ′) as thesuperficial degree of divergenceof a dia-
gram. A correction at NnLO diverges when

Re
[
n − sl(λ) − sl′(λ

′)
]
� 0. (2.12)

While sl(λ) will turn out to be generically complex, this condition depends only on its
part. The powern of the higher-order insertion is on the other hand a positive integer.
tice also that this formula is not limited to scattering of three nucleons—it applies eq
well when external currents couple to nucleons inside the box of Fig. 2.

Usually, higher-order corrections mix different partial waves, and also Wig
symmetric and Wigner-antisymmetric amplitudes in the doublet-channel. They come
any combination of the following effects, some of which are depicted in the lower pan
Fig. 2:

(1) Effective-range corrections to the deuteron propagator,

D(q0, �q) → 1

γ −
√

�q2

4 − Mq0

×
[ ∞∑

m=0

r0
2

(
Mq0 − �q2

4

) + ∑∞
n=1 rn

(
Mq0 − �q2

4

)n+1

γ −
√

�q2

4 − Mq0

]m

. (2.13)

With the coefficientsrn ∼ 1/Λ2n+1
/π of natural size, these contributions are orde

by powers ofQ ∼ q ∼ √
Mq0: the effective ranger0 enters at NLO as one insertio

into the scattering amplitude;rn
0 at NnLO asn insertions, etc. The correctionrn starts

contributing with one insertion at N2n+1LO. They modify the UV-limit ofD from 1/q
in (2.6) at NnLO to qn−1.

(2) As two-nucleon forces are non-central, different two-nucleon partial waves mix
the 3S1- and 3D1-waves. This leads to mixing and spitting of partial waves als
the three-body problem, so that in generalsl(λ) �= sl′(λ′). By parity conservation, th
lowest-order mixing appears forl′ = l ± 2.

(3) The local vertex of two nucleons scattering via higher partial wavesL > 0 contains 2L
positive powers ofq and mixes partial waves as well.

(4) Insertions intoD which correct for the explicit breaking of WignerSU(4) symmetry
are proportional to the differences in the effective-range coefficients of the1S0- and
3S1-system, e.g., toγs − γt or q2(ρ0,s −ρ0,t ), see also [8]. This leads to mixtures wi

l = l′ butλ �= λ′.
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Fig. 3. Exemplary graph containing the full off-shell amplitude. Its kinematics is defined after the integr
over the energy-variablesq1,0 andq2,0 are performed.

(5) Other corrections of less importance, like relativistic corrections to the deuteron
agatorD and to the nucleon propagator.

A longer remark is appropriate for corrections in which the LO full off-shell amplit
t
(l)
λ is sandwiched between two loop-momentaq1, q2. They lead to overlapping divergenc

in these two variables. Examples are given in the centre bottom graph of Fig. 2, o
correction at Nn1+n1LO involving one full off-shell amplitude in Fig. 3. Its asymptotics
for each off-shell momentum determined by the same Faddeev equation (2.2) with th
difference that the cm-energyE and cm-momentumk become independent variables, w
the on-shell point atk = p = √

4(ME + γ 2)/3. In the asymptotic regionE � k,p, the
integral equations for both off-shell momenta in the kinematics defined in Fig. 3 are
in analogy to (2.9) given by:

t
(l)
λ (k,p) = 8πλ

(−1)l

kp
Ql

(
p

k
+ k

p

)
+ 8λ√

3π
(−1)l

∞∫
0

dq

p
Ql

(
p

q
+ q

p

)
t
(l)
λ (k, q)

= 8πλ
(−1)l

kp
Ql

(
p

k
+ k

p

)
+ 8λ√

3π
(−1)l

∞∫
0

dq

k
Ql

(
k

q
+ q

k

)
t
(l)
λ (q,p).

(2.14)

It is symmetric under the interchange ofk andp. In analogy to the solution of the ha
off-shell amplitude in the next subsection, its asymptotics is constructed in Append
as:

t
(l)
λ (k,p) ∝

{
1
kp

(
k
p

)sl (λ) for p > k

1
kp

(p
k

)sl (λ) for p < k

}
∝ 1

kp
. (2.15)

The latter follows by analytic continuation top ∼ k � E,γ . One may motivate this resu
by observing that in the absence of any other scale, this is the result with both the c
mass-dimensions and symmetry properties. It is independent of the angular moment
spin-parameter. The superficial degree of divergence of Fig. 3 is now easily determin

q ∼ q1 ∼ q2 scaling alike:
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klq
−(sl (λ)+1)
1 × q5

1

M

M

q2
1

1

q1

(
q1

Λ/π

)n1

× 1

q1q2
× q5

2

M

M

q2
2

1

q2

(
q2

Λ/π

)n2

× kl′q
−(sl′ (λ′)+1)

2

∼ klkl′qn1+n2−sl (λ)−sl′ (λ′). (2.16)

The overlapping divergenceE,k � q1, q2 is hence also included in the previous estim
(2.12) whenn = n1 + n2. One readily generalises to any numberj of insertions of full
off-shell amplitudes with two-nucleon interactions at Nni LO, i = 1, . . . , j + 1, between
them and the initial and final half off-shell amplitudes. They all are covered by (2.12),
the higher-order correction at NnLO, n = ∑j+1

i=1 ni .
None of the corrections listed above leads at a given order NnLO to stronger modifica

tions of the short-distance asymptotics than those induced by effective-range corr
entering at the same order, and every order contains also contributions from effective
corrections.

2.3. Short-distance asymptotics of the amplitude

We now just have to determine the unphysical short-distance behaviour of the a
tude to infer from (2.12) at which order the first three-body forces are needed to a
divergences. Naïvely,t (l)λ (p) should have the same asymptotics as each of the indiv
diagrams which need to be summed at LO, see top row of Fig. 1. That means, the a
totic form should be given by the inhomogeneous or driving term as

t
(l)
λ (p) ∝ lim

k→0
K(l)

(
3k2

4
; k,p

)
∝ kl

pl+2
, i.e., sl,simplistic(λ) = l + 1. (2.17)

This “simplistic” application of a naïve dimensional estimate reflects the expectatio
three-body forces should enter only at high orders, and that the asymptotics in high
tial waves should be suppressed by a centrifugal barrier. Indeed, this estimate wou
from (2.12) to the finding that the three-body force in thelth partial wave—containing
at least 2l derivatives—occurs only at N2l+2LO and is in particular independent of th
spin-parameterλ. However, the three-body problem consists already at leading order
infinite number of graphs, see Fig. 1. As is well-explored for S-waves, this modifie
solution drastically.

The integral equation (2.9) can be solved exactly by a Mellin transformation sin
homogeneous term is scale-invariant and inversion-symmetric; see Appendix A for d
An implicit, transcendental, algebraic equation determines the asymptotic exponentsl(λ):

1= (−1)l
21−lλ√

3π

�
[

l+s+1
2

]
�

[
l−s+1

2

]
�

[2l+3
2

] 2F1

[
l + s + 1

2
,
l − s + 1

2
; 2l + 3

2
; 1

4

]
. (2.18)

It depends only onλ andl. The function2F1[a, b; c;x] is the hyper-geometric series [27
This formula comprises the main mathematical result of this article, extends Dan
result forl = 0 [10], and forms in particular the base to power-count all three-body fo
However, not all of its solutions solve also the integral equation: while boths and −s

are together with their complex conjugates solutions to the algebraic equation, only

amplitudes which converge forp → ∞ and for which the Mellin transformation exists are
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Fig. 4. The first two solutionssl (λ) at λ = 1 (left) andλ = −1/2. Solid (dotted): real (imaginary) part; dashe
simplistic estimate (2.17); cross (square): real (imaginary) part of the asymptotics obtained by a fit of
solution to the Faddeev equation (2.2) at large off-shell momenta. Dark/light: first/second solution. An E
effect occurs only for|Re[s]| < Re[l + 1], i.e., when the solid line lies below the dashed one, and Im[s] �= 0.

Fig. 5.sl (λ) at l = {0;1;2;3}. Notation as in Fig. 4.

permitted. Most notably, this constrains Re[s] > −1, Re[s] �= Re[l] ± 2; see Appendix A
Furthermore, out of the infinitely many, in general complex solutions for givenl andλ,
only the one survives as relevant in the UV-limit whose real part is closest to−1, i.e., for
which Re[sl(λ) + 1] is minimal. We consider in the following only those solutions wh
match these criteria.

Plots of one of the values in the quadruplet of two-parameter functions{±sl(λ),±s∗
l (λ)}

at fixedl and fixedλ, respectively, are given in Figs. 4 and 5. Table 2 lists the firstsl(λ) for

the partial wavesl � 4 andλ = {−1/2;1}, compared to the simplistic estimate (2.17).
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Table 2
Solutionssl (λ) to (2.18) for the most relevant physical systems

Partial wavel sl (λ = 1) sl (λ = −1/2) sl,simplistic= l + 1

0 1.00624. . . i 2.16622. . . 1
1 2.86380. . . 1.77272. . . 2
2 2.82334. . . 3.10498. . . 3
3 4.09040. . . 3.95931. . . 4
4 4.96386. . . 5.01900. . . 5

Let us for the remainder of this subsection investigate the rich structure of this r
Branch points occur, e.g., for(l = 0;λ ≈ −1/2), where imaginary parts open. Avoide
crossings are found, e.g., for(l = 1;λ = 1), etc. While the solution is in general comple
it is real for non-negative integerl in the physical channels discussed above, whereλ =
{1;−1/2}. The only exception is the imaginary solution for(l = 0;λ = 1) first found by
Danilov [10]. It makes a three-body force in this channel mandatory already at LO a
system would otherwise be unstable against collapse of its wave-function to the
a phenomenon well-known to be related to the Thomas and Efimov effects [14,30
giving rise to a limit-cycle [11–13] manifesting itself in the Phillips line [6,31,32].
interpretation is not the scope of this presentation; we only note that the power-coun
three-body forces in this channel states that a new, independent three-body forcel
derivatives enters at N2lLO [8]. It must be seen as coincidence that the naïve dimens
estimate in (2.12)—wheren > 0 was assumed explicitly—leads to the same conclusio

In general,s can be complex, as, for example, at(l = 0;λ < −1/2), (l = 1;λ > 1) or
l non-integer,λ = {1;−1/2}. In that case, out of the four independent solutions, the o
with Re[s] � −1 must be eliminated ast (p) does not converge for them. In cases l
(l ∈ [−0.5819. . . ;0.3446. . .];λ = 1) where all four complex solutions obey Re[s] > −1,
only the solutions with minimal Re[sl(λ) + 1] survive, as shown above. These remain
two solutionss := sR ± isI are equally strong and must be super-imposed:

t
(l)
λ (p) ∝ sin[sI ln[p] + δ]

psR+1
. (2.19)

Usually, Fredholm’s alternative forbids that both the homogeneous and inhomoge
integral equations have simultaneous solutions. Therefore, the boundary conditions
integral equation fix the phaseδ to a unique value. However, when the kernel of the Fadd
equation (2.2) is singular, this operator has no inverse and Fredholm’s theorem do
apply. For this to occur, the solution to the integral equation must be unique only u
zero-mode of the homogeneous version, i.e.,

8λ√
3π

(−1)l

∞∫
0

dq

p
Ql

(
p

q
+ q

p

)
a

(l)
λ (q) = a

(l)
λ (p), (2.20)

must have a non-trivial solutiona(l)
λ (q) �≡ 0. As the explicit construction in Appendix A.

demonstrates, this is the case if and only if Re[l + 1] > |Re[s]|, i.e., when Re[s] is smaller
in magnitude than the blind estimatesl,simplistic, (2.17). In that case, a one-parameter fam

of solutions arises. A three-body force is then necessary not to cure divergences but to
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Fig. 6. Left: numerical and analytical solution forsl (λ) at l = 0 aroundλ = −1/2. Right: numerical determinatio
of sl (λ), exemplified forl = 1, λ = 1.5, comparing “data” (crosses) and the fitted function (2.19) (solid li
Notation as in Fig. 4.

absorb the dependence on the free parameterδ. Its initial condition is not constrained b
two-body physics but must be determined by a three-body datum. Thus, one finds a
cycle for such systems, like for three spinless bosons or the Wigner-symmetric part
2S1/2-wave amplitude inNd scattering,(l = 0;λ = 1), discussed above. As easily read-
from Figs. 4 and 5, this phenomenon occurs for non-negative integer angular mom
only whenl = 0 andλ > 3

√
3/(4π), where Re[s] = 0. However, an Efimov effect with

complexs is often found for non-integerl, e.g., forl ∈ [−0.3544. . . ;0.5452. . .] in the
three-boson case,λ = 1. A closer investigation will be interesting in view of a conjectu
on regularising the three-body system in Section 3.2.

A numerical investigation of the Faddeev equation (2.2) confirms these finding
order to compute a solution, one introduces a cut-offΛ which is unphysical and thus no
to be confused with the breakdown scaleΛ/π of the EFT. The numerical values ofsl(λ)

are found from fitting the half off-shell amplitudet (l)λ (E, k;p) at E,k, γ � p � Λ to the
asymptotic forms (2.10) and (2.19). A grid of 100 points is easily enough for a num
precision ins of about 1%.1 Agreement between the numerical and analytical solu
is excellent also at non-integerl andλ �= {1,−1/2}, see Fig. 6 besides Figs. 4 and 5
examples. Particularly interesting is in that context the neighbourhood around the(λ =
−1

2)-solution in the S-wave channel,l = 0. Here, the first solution to the algebraic equat
(2.18) iss = 2, but the Mellin transform does not exist at that point because Re[s] = l ± 2.
The system is here also close to the branch-point at(λ = −0.50416. . . ; s ≈ 2.0836. . .),
where an imaginary part opens for smallerλ. Another branch-point lies at(l = 1;λ =
1.0053. . . ; s = 2.93164. . .).

To summarise, the algebraic equation (2.18) forsl(λ) provides asymptotic solution
of the form (2.10) to the three-body Faddeev equation (2.2) for Re[s] > −1 and Re[s] �=
Re[l±2]. Only those solutions are relevant in the UV-limitp � γ,E, k for which Re[s+1]
is minimal. The Efimov effect occurs only if Im[s] �= 0 and|Re[s]| < Re[l + 1], because
only then is the kernel of the integral equation not compact.
1 A simple MATHEMATICA code can be downloaded from http://www.physik.tu-muenchen.de/~hgrie.
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2.4. Ordering three-body forces

Although divergences can occur as soon as the superficial degree of dive
Re[n − sl(λ) − sl′(λ′)] � 0, only those are physically meaningful which can be abso
by three-body counter-terms, i.e., by a local interaction between three nucleons
given channels. Naïve dimensional analysis does not construct the three-body fo
thus predicts some divergences which are absent when the diagram is actually calc
There is, for example, no Wigner-SU(4)-antisymmetric three-body force without deriv
tives [6], so that the divergence must in this case be at least quadratic for infinite c
Re[n− sl(λ)− sl′(λ′)] � 2. For finite cut-offΛ, a three-body force without derivatives c
be constructed which is non-local on a scale smaller than 1/Λ—but appears of course loc
at scales smaller than the break-down scaleΛ/π � Λ of EFT(/π ). As its coefficient disap
pears when the cut-off is sent to infinity, it is in a renormalisation group analysis clas
as “irrelevant”. Except for this example which is relevant below, this article will, howe
simply assume that the first three-body force enters with the first divergence. To con
these forces in detail is left for future, more thorough investigations.

The solution of (2.18) approaches for large integerl in the physically most interes
ing casesλ = {1;−1/2} the simplistic estimate of (2.17):ssimplistic = l + 1; see Table 1
and Figs. 4, 5. This reflects that the Faddeev equation should be saturated by th
approximation in the higher partial waves because of the ever-stronger centrifugal
between the deuteron and the nucleon. Therefore, three-body forces enter in most c
for all practical purposes at the same order as suggested by the simplistic argument,
Nl+l′+2LO between thelth andl′th partial waves. It is therefore convenient to introdu
the variable

∆l(λ) := sl(λ) − (l + 1), (2.21)

which parameterises how strongly simplistic and actual asymptotic form differ.
∆ > 0, the superficial degree of divergence of the LO amplitude is weaker than gu
by (2.17).

In the lower partial wavesl, l′ � 2, however, the blind expectation deviates substant
from the exact solution; see Table 3. For(l = 0;λ = 1), for example,sl,simplistic = l + 1
under-estimates the short-distance asymptotics oft (p), while s0(1) = 1.006. . . i is even
imaginary. A limit-cycle signals that one must include a three-body force already at L
briefly hinted upon above. Multiple insertions of three-body forces are not suppresse

For two partial waves, the formula (2.17) substantiallyover-estimatesthe asymptotics o
t
(l)
λ . Therefore, a three-body force is in channels which involve these partial wavesweaker

than predicted by a simplistic application of naïve dimensional analysis. Consider fir
case of three bosons with(l = 1;λ = 1): s = 2.86. . . > ssimplistic= 2, ∆ = 0.86. . . . While
the first divergence from the two-body sector arises in this partial wave at N5.72LO, one
would—following (2.17)—have predicted the first three-body force as necessary a
at N4LO. It is in this channel hence demoted by≈ 1.7 orders.

The situation is even more drastic in the4S3/2-channel ofNd scattering,(l = 0;λ =
−1/2): here, only divergences which are at least quadratic are physical becau
first three-body force must contain at least two derivatives since the Pauli principl

bids a momentum-independent three-nucleon force—or equivalently, no Wigner-SU(4)-
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Table 3
Ordern0 at which the leading three-nucleon force enters for the lowest channelsl, l′ � 2, comparing the sim
plistic estimate (2.17) and the actual values (2.12/2.18). The list follows the physical partial wave mixin
the subscript Ws (Wa) denotes the Wigner-symmetric (antisymmetric) contribution. In the2SWa- and 4S3/2-
channels, the absence of a three-nucleon force without derivatives is taken into account by the factor “+2”. The
last column indicates whether the three-body force is stronger (“promoted”) or weaker (“demoted”) than t
plistic estimate suggests. When the difference between the two is in magnitude smaller than 0.5, they are quite
arbitrarily assumed to enter at the same order

Channel Estimate Simplistic

(λ; l) (λ′; l′) Partial waves Re[sl (λ) + sl′ (λ′)] l + l′ + 2

(1;0) (1;0) 2SWs–2SWs LO N2LO promoted

(1;0) (− 1
2;0) 2SWs–2SWa N2.2+2LO

N2+2LO
(− 1

2;0) (− 1
2;0) 2SWa–2SWa N4.3+2LO demoted

(1;0) (− 1
2;2) 2SWs–4D N3.1LO

N4LO
promoted

(− 1
2;0) (− 1

2;2) 2SWa–4D N5.3LO demoted

(1;1) (1;1) 2PWs–2PWs N5.7LO demoted

(1;1) (− 1
2;1) 2PWs–2PWa, 2PWs–4P N4.6LO N4LO demoted

(− 1
2;1) (− 1

2;1) 2PWa–2PWa, 4P–4P N3.5LO

(− 1
2;0) (− 1

2;0) 4S–4S N4.3+2LO N2+2LO demoted

(− 1
2;0) (1;2) 4S–2DWs N5.0LO

N4LO
demoted

(− 1
2;0) (− 1

2;2) 4S–2DWa, 4S–4D N5.3LO demoted

(1;2) (1;2) 2DWs–2DWs N5.6LO

(1;2) (− 1
2;2) 2DWs–2DWa, 2DWs–4D N5.9LO N6LO

(− 1
2;2) (− 1

2;2) 2DWa–2DWa, 4D–4D N6.2LO

antisymmetric three-body force exists [6]. Therefore, the divergence condition (2.12)
Re[n − sl(λ) − sl′(λ′)] � 2. Sinces = 2.16. . . > ssimplistic = 1, the first three-body forc
enters thus not at N4LO but at least two orders higher, namely at N6.33. . .LO.

As an example for mixing between partial waves, consider the4S3/2-wave: it mixes
with both the4D3/2-wave (λ = −1/2) and the Wigner-symmetric and antisymmetric co
ponents of the2D3/2-wave (λ = 1 or −1/2). All of them are already close to the estima
sl,simplistic= l+1= 3> sl=0(λ = −1/2). Still, the first divergences induced by this mixin
start from (2.12) at N≈ 5LO, i.e., approximately one order higher than blindly guessed

More modifications induced by mixing and splitting of partial waves as well as
plicit breaking of the WignerSU(4) symmetry are straight-forwardly explored, but l
to a future publication. Table 3 summarises the findings for the physically most re
three-body channelsl, l′ � 2. Except in the4S3/2-channel, it does not take into accou
whether a three-body counter-term can actually be constructed at the order at wh
first divergence occurs. However, while this can make a three-body force occur at a
absoluteorder than listed, therelativedemotion of a three-body force to higher orders

modifications of the superficial degree of divergence holds.
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“Fractional orders” are a generic feature of (2.18), combined with (2.12). Consider
as example the case(l = 0;λ = −1/2), where the first two-body divergence appears
mally at n = 6.33. . . , while including a two-body correction with fractional order is
course impossible: clearly, the N7LO amplitude diverges without three-body forces,
one could also argue that it is prudent to include a three-body force already at6LO
because the higher-order correction to the amplitude converges only weakly, nam
q−0.33. Therefore, the integral overq becomes unusually sensitive to the amplitude
large off-shell momenta, above the breakdown scaleΛ/π of the EFT, and therefore to deta
of physics at distances on which the EFT is not any more valid. In the more drastic
sl=4(λ = −1/2) = 5.02. . . , ∆ = 0.02. . . , the first three-body force enters following (2.1
at N10.04LO. Therefore, no divergence arises in the two-body sector before N11LO, but it
seems reasonable to include it already at N10LO because the higher-order corrections fr
two-nucleon insertions converge then generically to a cut-off independent result onl
slowly, namely asq−0.04.

Naïve dimensional analysis cannot decide the question at which order precisely a
tional divergence” gives rise to a three-body force as it argues on a diagram-by-di
basis, missing possible cancellations between different contributions at the same
One way to settle it is to see whether the cut-off dependence of observables follo
pattern required in EFT. Recall that NnLO corrections contribute to observables typica
as

Qn =
(

ptyp

Λ/π

)n

(2.22)

compared to the LO result and that low-energy observables must be independen
arbitrary regulatorΛ up to the order of the expansion. In other words, the physical s
tering amplitude must be dominated by integrations over off-shell momentaq in the
region in which the EFT is applicable,q � Λ/π . As argued, e.g., by Lepage [33], o
can therefore estimate sensitivity to short-distance physics, and hence provide a
able error-analysis, by employing a momentum cut-offΛ in the solution of the Faddee
equation and varying it between the breakdown scaleΛ/π and∞. If observables chang
over this range by “considerably” more thanQn+1, a counter-term of orderQn should
be added. This method is frequently used to check the power-counting and syst
errors in EFT(/π ) with three nucleons, see, e.g., most recently [19]. A similar argum
was also developed in the context of the EFT “with pions” of nuclear physics [34
Such reasoning goes, however, beyond the clear prescription according to which o
vergences make the inclusion of counter-terms mandatory and opens the way to a
criterion—which is obviously formulated rigorously only with great difficulty. How to tr
“fractional orders” in a well-prescribed and consistent way must thus be investigate
ther.

2.5. How three-body forces run

Before turning to practical consequences of these observations, let us for a mom

vestigate how the strengths of three-body forces have to scale withq in order to absorb
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Fig. 7. Generic leading corrections from three-body forces which can be rewritten asNd-interactions with at leas
l + l′ derivatives.

the divergences (2.11) from two-body interactions. In contradistinction to the above
siderations where the specific form of the three-body force did not enter, we now
the discussion to those three-body forces which can be rewritten as deuteron–nucl
teractions. Clearly, all three-body forces which are needed to absorb divergence
two-nucleon effective-range corrections proportional torn fall into that class.2 As dis-
cussed in Section 2.2, this is no severe restriction because every divergence contain
piece. The leading contributions are given by the diagrams of Fig. 7. At even higher o
two- and three-body corrections occur simultaneously in one graph. Let the three
force between deuteron and nucleon with relative incoming momentump and outgoing
momentump′ scale as

plpl′ h

Λl+l′+2
/π

, (2.23)

where the dimensionless couplingh encodes the short-distance details of three interac
nucleons which are not resolved in EFT(/π ). It absorbs hence also the divergences gener
at ordersl(λ) + sl′ from two-body interactions, (2.11), to render the result at this o
insensitive of unphysical short-distance effects. The parameterh must thus formally scale
asq to some powerα which is determined such that at least one of the three-body f
graphs appears at the same order as the divergence. The graphs scale and diverge

(a) ∼ klkl′qα, no divergence,

(b1) ∼ klkl′qα−∆l(λ), diverges for Re
[
∆l(λ)

]
� 0,

(b2) ∼ klkl′qα−∆l′ (λ′), diverges for Re
[
∆l′(λ

′)
]
� 0,

(c) ∼ klkl′qα−∆l(λ)−∆l′ (λ′), diverges for Re
[
∆l(λ)

]
� 0 or Re

[
∆l′(λ

′)
]
� 0.

(2.24)

The tree-level contribution is of course free of divergences. Notice that the three
forceh absorbs for non-integers also the non-analytic piece of the divergence (2.11), a
in particular, the phaseδ when Im[s] �= 0, see (2.19). This piece is non-analytic in t
unphysical off-shell momentumq, but of course analytic in the low-energy momentumk.

The graphs containing three-body forces enter at the same order for all channels
follow the simplistic estimate of (2.17), i.e.,∆l(λ),∆l′(λ′) = 0. Then, all three-body cor
rections (a)–(c) occur at the same orderα, the three-body force counts ash ∼ qα = ql+l′+2,
2 But not necessarily three-body forces which contribute to the mixing and splitting of partial waves.
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and the logarithmic divergences of the loop-diagrams (b1), (b2), (c) are absorbed inh as
well. To determine the order at which a three-body force enters, it is therefore suffici
count in this case its mass-dimension, which is also given byl + l′ + 2, see (2.23). This i
nearly realised in the higher partial waves, where|∆| is usually not bigger than 0.3.

For (l = 0;λ = 1), however, Re[∆] = −1 and α = 0. Now, multiple insertions o
three-body forces are not suppressed and the Efimov effect mandates including th
body force in the LO Faddeev equation. The strengthh depends on the arbitrary phaseδ,
showing a limit-cycle [11–13] as manifested in the Phillips line [6,31,32]. Interestin
the diagrams (a), (b1), (b2)—as well as their analogues with higher-order three-n
forces—now become following (2.24) formally corrections of higher order, as found
merically in Ref. [7].

As seen in the previous section, three-body forces appear in many channels at
orders than expected. This now also regroups the graphs containing three-body
According to the scaling properties (2.24), the tree-level diagram (a) is in the(l = 1;
λ = 1) channel≈ 1.7 orders weaker than the leading three-body diagram (c) bec
∆ = 0.86. . . . It can therefore safely be neglected when absorbing the leading d
gences from two-body insertions. The graphs (b1), (b2) are down by≈ 0.9 . . . orders.
For (l = 0;λ = −1/2), this is even more pronounced: with∆ = 1.16. . . , the tree-leve
three-body contribution (a) is suppressed by more than two, and (b1), (b2) by mor
one order against the sandwiched three-body graph (c), so that both can be neglecte
the leading divergences are absorbed into (c) only. Notice that all three-body corre
converge for∆ > 0.

Possible overlapping divergences complicate a similar analysis in the case of thre
forces which cannot be rewritten asNd-interactions, warranting further investigatio
which are however not central to this presentation.

3. Consequences

The first goal of this publication has been reached: Eq. (2.12) is an explicit for
for the order at which the first three-body force must be added to absorb divergen
depends on the partial wavel and channelλ via the exponentsl(λ) which characterise
the asymptotic form of the half off-shell scattering matrixt

(l)
λ (E, k;p) and is determined

by (2.18). A simplistic application of naïve dimensional analysis, (2.17), provides a
estimate for all partial wavesl � 2. However, it over-rates three-body forces of the thr
nucleon system, for example, in the4S3/2- and2P-channels, while it under-estimates th
e.g., in the2S1/2-wave; see the summary in Table 3. In the case of three spinless bo
the P-wave three-body interaction is weaker, while the S-wave interaction is stronge
the simplistic argument suggests. With these findings, the EFT of three spinless boso
the pionless version of EFT in the three-nucleon system, EFT(/π ), are self-consistent fiel
theories which contain the least number of counter-terms at each order to ensure
malisability. Each three-body counter-term gives rise to one subtraction constant
must be determined by a three-body datum. Let us explore in this section some phy

relevant results which can be derived from these findings.
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Fig. 8. Resummation of the infinite number of LO two-body diagrams into the deuteron propagator given b

3.1. Context

3.1.1. Amending naïve dimensional analysis
As outlined in the introduction, power-counting by naïve dimensional analysis am

for perturbative theories to little more than counting the mass-dimensions of the in
tions [1]. In this case, only a finite number of diagrams contributes at each order.
the LO amplitude is, however, non-perturbative, i.e., an infinite number of diagrams
be summed to produce shallow bound-states, then the situation changes: the LO
tude can follow for large off-shell momenta a different power-law than the one w
one obtains when one considers the asymptotic form of each of the diagrams sep
Then, the “canonical” application turns out to be too simplistic and must be modifi
in Section 2.3. This is neither a failure of naïve dimensional analysis, nor should it
completely unexpectedly. An example is indeed already found in the two-body sec
EFT(/π ). Recall that an infinite number of two-body scattering diagrams are resum
into the LO deuteron propagator (2.1) to produce the shallow two-body bound state,
Each of the diagrams diverges asqn, with n the number of loops. Their sumconverges,
however, as 1/q for large momenta, see (2.6). In this case, the solution is obtaine
a geometric series and the necessary changes are easily taken into account, se
views [3–5,17]. What may come as a surprise is that this can also happen when b
LO diagrams separately and their resummation are ultra-violetfinite. In the three-body
case, all diagrams actually show thesamepower-law behaviour 1/ql+1, see (2.17). How
ever, the resummed form looks very different, exhibiting a non-integer and even co
power-dependence (2.18). This does not occur for every system with shallow bound
For example, the exchange of a Coulomb photon between two non-relativistic, ch
particles in non-relativistic QED scales asymptotically as 1/q2. The exact solution of th
Coulomb problem has the same scaling behaviour.

3.1.2. External currents
The power-counting of three-body forces developed above applies equally when

nal currents couple to the three-nucleon system. The only change is that the highe
interaction in Fig. 2 becomes more involved, introducing also the momentum- or en
transfer from the external source as additional low-energy scales.

3.1.3. Three-body forces at higher orders
Another trivial extension is to power-count three-body forces beyond the leading

In that case, the superficial degree of divergence must by analyticity be larger than
tive even integer, Re[n−sl(λ)−sl′(λ′)] � 2m, m ∈ 2N0. The higher-order three-body forc
contains 2m derivatives more than the leading one (m = 0) and enters 2m orders higher

We used this already to power-count the first three-body force in the4S3/2-channel. The
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power-counting based on naïve dimensional analysis agrees for the2S1/2-channel with the
one which was recently established by a more careful and explicit construction [6–8

3.2. Conjectures

3.2.1. Predicting the4S3/2-scattering length
The first conjecture follows from the observation above that three-body forces a

moted in the4S3/2-wave from a N4LO-effect by two orders to N6.3LO. This has immediate
consequences for the quartet S-wave scattering length of the nucleon–deuteron
which has drawn substantial interest recently. Its knowledge sets at present the exp
tal uncertainty in an indirect determination of the doublet scattering length [36], whi
turn is well-known to be sensitive to three-body forces [31]. It was determined repea
in EFT(/π ) at N2LO, with different methods to compute higher-order corrections agre
within the predicted accuracy [21–23,26], e.g., most recently [19]:

a
(4S3/2

) = (5.091︸ ︷︷ ︸
LO

+1.319︸ ︷︷ ︸
NLO

−0.056︸ ︷︷ ︸
N2LO

) fm = [6.35± 0.02] fm. (3.1)

The theoretical accuracy by neglecting higher-order terms is here estimated conserv
by

Q ∼ γ ≈ 45 MeV

Λ/π ≈ mπ

≈ 1

3

of the difference between the NLO- and N2LO-result. This agrees very well with expe
iment [37], [6.35 ± 0.02] fm, albeit partial wave mixing, isospin breaking and elect
magnetic effects are not present in EFT(/π ) at N2LO. As the amplitude decays at larg
off-shell momenta as 1/p3.16..., see Table 1, it is not surprising thata(4S3/2) is to a very
high degree sensitive only to the correct asymptotic tail of the deuteron wave-fun
The first three-body force3 enters not earlier than N6LO—taking a conservative approac
as described above to round the “fractional order”. Indeed, if the theoretical uncertain
creases steadily from order to order as it does from NLO to N2LO, then one should be ab
to reach an accuracy of±(1

3)4 × 0.06 fm� ±0.001 fm with only two-nucleon scatterin
data as input—provided those in turn are known with sufficient accuracy. Indeed, this
much smaller than the range over which modern high-precision potential-model ca
tions differ: 6.344–6.347 fm [38,39]. To use this number hence as input into a determi
of the doublet scattering length asa(2S1/2) = [0.645±0.003(exp)±0.007(theor)] fm [36]
seems justified, and the error induced by the theoretical uncertainty might actually be
estimated. Notice that if the three-nucleon force would occur in EFT(/π ) at N4LO as the
simplistic expectation (2.17) suggests, the error should be of the order of(1

3)2 ×0.06 fm≈
0.007 fm, considerably larger than the spread in the potential-model predictions.

3 In the mixing between the2S1/2-, 2D- and4D-waves, three-body forces appear already at N5LO, see Table 3

but they are irrelevant for the scattering length.
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3.2.2. An alternative regularisation
More speculative is the possibility for a new regularisation scheme. In principle, (

gives the asymptoticssl(λ) of the half off-shell amplitude for arbitrary—even complex—l
andλ. As this function is largely analytic, one could use analytic continuation for a “pa
wave regularisation” of the three-body system. This is particularly attractive to regula
limit-cycle problem of the2S1/2-wave (l = 0; λ = 1), whose practical implications ar
at present mostly discussed by cut-off regularisation. However, the algebraic solu
(2.18) suffers—as discussed in Section 2.3—from constraints by branch-cuts and r
where the Mellin transformation does not exist. In addition, a limit-cycle is encoun
only whens has an imaginary part, and its real part is smaller than the simplistic est
(2.17). However, the imaginary part disappears in the vicinity of the physical point(l =
0;λ = 1) only wheres has a branch-cut, see Figs. 4 and 5. Blankleider and Gegelia
attempted to use analyticity inλ at fixedl = 0 to regulate the three-boson problem at
without resorting to three-body forces to stabilise the system.

3.3. Caveats

Weak points in the derivation should also be summarised:

(1) As always in naïve dimensional analysis, one obtains only the superficial degree
vergence. Except in the4S3/2-channel, the classification of Table 3 does not take
account whether a three-body counter-term can actually be constructed at the
at which the first divergence occurs. However, while the actual degree of diver
must usually be determined by an explicit calculation, it is never larger than the s
ficial one. Therefore, a three-body force can possibly occur at a higherabsoluteorder
than predicted by naïve dimensional analysis, but this applies then equally well
simplistic estimate. Therefore, therelative demotion of a three-body force to high
orders by the modified superficial degree of divergence holds.
In this context, the three-body forces which can contribute in a given channel, a
particular to partial-wave mixing, should be constructed explicitly. Here, the symm
principles invoked above can be helpful.

(2) The divergence of each diagram was considered separately, missing possible
lations between different contributions at a given order. This would again de
three-body forces to higher orders than determined by the superficial degree of
gence. It would also require a fine-tuning whose origin would have to be unders
When further resummations of infinitely many diagrams should be necessary b
LO, naïve dimensional analysis must be amended further. This could happen wh
power-counting developed here does not accord to nuclear phenomenology.

(3) Modifications by overlapping divergences should also be explored. Again,
weaken the degree of divergence, but are particularly important for those three
forces which cannot be rewritten asNd-interactions.

(4) The problem of “fractional orders”: since the LO amplitude involves an infinite n
ber of graphs, equivalent to the solution of a Faddeev equation, the amplitud
proaches for large half off-shell momenta generically a power-law behaviourq−sl (λ)−1
with irrational and even complex powers. Three-body forces contain therefore fol-
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lowing Section 2.5 non-analytic pieces. We assume that this behaviour is chan
higher orders only by integer powers because higher-order corrections involve
a finite number of diagrams after the LO-graphs are summed into the Faddeev
tion. At which concrete order a given three-nucleon interaction needs to be inc
to render observables cut-off independent can therefore become a question
the clear prescription according to which only divergences make the inclusi
counter-terms mandatory. A softer criterion is formulated rigorously only with g
difficulty.

(5) The two-nucleon propagator (2.1) at the starting point of the derivation was
to be already renormalised. This should pose no problem as the Faddeev eq
was solved without further cut-offs, so that no overlapping divergences occur. In
any “scaleless” regulator (like dimensional regularisation) will lead to the sam
sult.

(6) Partial wave-mixing and -splitting as well as mixing between Wigner-SU(4)-symmetric
and antisymmetric amplitudes should be considered in more detail. However, w
already examples where these effects are suppressed. For example, the power-c
in the partial wave with the lowest angular momentum amongst those that mix
changed, see the4S3/2–4D3/2–2D3/2-mixing in Table 3. The higher the partial wav
the closer is its asymptotics to the simplistic expectation (2.17).

(7) We assumed—as usual in EFT—that the typical size of three-nucleon counter
is set by the size of their running. There are cases where the finite part of a co
term is anomalously large and thus should be included already at lower orders th
naïve dimensional estimate suggests. One example is the anomalous isovecto
netic moment of the nucleon which is as large as the inverse expansion param
EFT(/π ), κ1 = 2.35≈ 1/Q [41]. Such cases are, however, rare and must be jus
with care.

Finally, Blankleider and Gegelia [40] claimed in an unpublished preprint 5 y
ago that the2S1/2-wave problem can be solved at LO without resorting to a th
body force to stabilise the system against collaps. According to them, if the Fa
equation has multiple solutions, then only one is equivalent to the series of dia
drawn in Fig. 1. We focus in this article on the higher partial waves where the
deev equation has—as demonstrated in Section 2.3—always unique solutions fo
ger l > 0 andλ ∈ {1;−1/2}, so that the alleged discrepancy cannot arise. Distrac
the reader for a moment, one may, however, point out a few observations which
tradict the claim of Ref. [40]. The derivation of the Faddeev equation is just a sp
case of Schwinger–Dyson equations, which are well known to be derived in the
integral formalism without resort to perturbative methods, see, e.g., [42, Chapte
One resorts to a “series of diagrams” only for illustrative purposes like in Fig. 1.
call that in the case of the three-body system, no small expansion parameter ex
which this series can be made to converge absolutely. In addition, and on a le
mal level, well-known properties of the three-body system like the Thomas and E
effects [14,30] and the Phillips line [6,31,32] are not explained under the assertio

Ref. [40]. These universal properties were recently also tested experimentally, e.g., for



132 H.W. Grießhammer / Nuclear Physics A 760 (2005) 110–138

[17] for a

also
con-

xplicit
obser-
olution
listic

analyt-
and

lterna-
naïve

ng or-

ne em-

ormalis-
e of a
n Sec-
l, also

osons
er of
g of all
which

-
haviour
itude,
racy of
cesses
rk–
but to
f two-

han 3
en-
e some
prove

essary.
bserv-
particle-loss rates in Bose–Einstein condensates near Feshbach resonances, see
review.

4. Conclusions and outlook

In this article, the ordering of three-body contributions in three-body systems
coupled to external currents was constructed systematically for any EFT with only
tact interactions and an anomalously large two-body scattering length. Evading e
calculations, the result is based on naïve dimensional analysis [1], improved by the
vation that because the problem is non-perturbative already at leading order, the s
to the Faddeev integral equation does for large off-shell momenta not follow a simp
dimensional estimate, Sections 2.3 and 3.1. This was shown by constructing the
ical solution to the Faddeev equation in that limit for arbitrary angular momentum
spin-parameter. One could thus develop a “partial-wave regularisation” as an a
tive to regulate and renormalise the three-body system. A simplistic approach to
dimensional analysis fails for systems which are non-perturbative already at leadi
der.

In order to keep observables insensitive to the details of short-distance physics, o
ploys the canonical EFT tenet that a three-body force must be includedif and only if it
is needed as counter-term to cancel divergences which cannot be absorbed by ren
ing two-nucleon interactions. After determining the superficial degree of divergenc
diagram which contains only two-nucleon interactions in Section 2.2, this was used i
tion 2.4 to classify the relative importance of three-body interactions for each channe
for partial-wave mixing and splitting. With these results, the EFT of three spinless b
and EFT(/π ) become self-consistent field theories which contain the minimal numb
parameters at each order to ensure renormalisability and a manifest power-countin
forces. Each such three-body counter-term gives rise to one subtraction constant
must be determined by a three-body datum.

It must again be stressed that three-body forces are in EFT(/π ) added not out of phe
nomenological needs. Rather, they cure the arbitrariness in the short-distance be
of the two-body interactions which would otherwise contaminate the on-shell ampl
and hence make low-energy observables cut-off independent on the level of accu
the EFT-calculation. Recall that the theory becomes invalid at short distances as pro
beyond the range of validity of EFT(/π ) are resolved, namely the pion-dynamics and qua
gluon substructure of QCD. Three-body forces are thus not introduced to meet data
guarantee that observables are insensitive to off-shell effects. Only the combination o
body off-shell and three-body effects is physically meaningful.

Most of the three-nucleon forces in partial waves with angular momentum less t
have aweakerstrength than one would expect from a blind application of naïve dim
sional analysis, see Table 3. This might seem an academic disadvantage—to includ
higher-order corrections which are not accompanied by new divergences does not im
the accuracy of the calculation; one only appears to have worked harder than nec
However, it becomes a pivotal point when one hunts after three-body forces in o

ables: in order to predict the experimental precision necessary to disentangle these effects,
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the error-estimate of EFT is a crucial tool. For many problems, this makes soon a
difference in the question whether an experiment to determine three-body force eff
feasible at all. One such consequence was discussed in Section 3.2: the4S3/2-wave scat-
tering length is fully determined by two-nucleon scattering observables on the le
±0.001 fm according to the power-counting of EFT(/π ) developed here. This is more th
a factor of ten more accurate than the present experimental number [37], but suppo
the observation that all modern high-precision two-nucleon potentials predict this o
able to a similarly high accuracy [38,39]. If a three-nucleon force (even one satura
pion-exchanges) would occur at the order at which it is blindly expected, the spread
potential-model predictions should be considerably larger.

The consequences for other observables like the famedAy -problem [43] should also b
explored. This will be particularly simple in EFT(/π ) because the theory is less involv
and Table 3 sorts the three-nucleon forces according to their strengths, indicating als
symmetries and the channels in which they contribute on the necessary level of ac
The conclusions, conjectures and caveats of Section 3 summarise a number of fur
teresting directions for future research.

To classify the order at which a given two- or three-nucleon interaction should be
in chiral EFT, the EFT of nuclear physics with pions as explicit degrees of free
I suggest to follow a path as for EFT(/π ) which complements the so-far mostly pursu
phenomenological approach: at leading order, the theory must be non-perturbative
commodate the finely tuned real and virtual two-body bound states in the S-wav
two-nucleon scattering. After that, only those local two- and three-nucleon forces are
at each order which are necessary as counter-terms to cancel divergences of the am
at short distances. This mandates a more careful look at the leading-order, non-pertu
scattering amplitudes to determine their ultraviolet-behaviour and superficial degree
vergence, see, e.g., [44] and references therein. It leads at each order and to the pr
level of accuracy to a cut-off independent theory with the smallest number of experim
input-parameters. The power-counting is thus not constructed by educated guessw
by rigorous investigations of the renormalisation group properties of couplings and o
ables by EFT-methods. Work in this direction is under way, see also [45], and the
will show its viability.
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Appendix A. Solving the integral equation

A.1. Constructing the solution

The Mellin transformation of a functionf (p), see, e.g., [46], is defined as

M[f ; s] :=
∞∫

0

dp ps−1f (p) if

∞∫
0

dp

p

∣∣f (p)
∣∣2 exists. (A.1)

Applying this to both sides of (2.9) and using the faltung theorem [46, Chapter 4.8
obtains the algebraic equation

M[t; s] = 8πλM
[

lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
; s

]

+ 8λ√
3π

(−1)lM
[
Ql

(
x + 1

x

)
; s − 1

]
M[t; s], (A.2)

which is easily solved forM[t; s]. Thus, one now only has to apply an inverse Me
transformation,

t (p) = 1

2π i

c+i∞∫
c−i∞

ds p−sM[t; s], (A.3)

where the inversion contour must be placed in the stripc in which all of the original Mellin
transformations exist.

However, there is no Mellin transform ofK(l) in the limit γ, k � p because it is propor
tional to (k)l/pl+2. One therefore has to resort for the inhomogeneous term to a sli
more complicated, “half-plane” transformation [46, Chapter 8.5]:

M−
[

lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
; s

]

:=
1∫

0

dp ps−1 lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
∝ kl

s − l − 2
,

M+
[

lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
; s

]

:=
∞∫

1

dp ps−1 lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
∝ − kl

s − l − 2
. (A.4)

These Mellin transformsM− andM+ exist for Re[s] > Re[l + 2] and Re[s] < Re[l + 2],

respectively. The solution to the integral equation is in this case given by [46, Eq. (8.5.43)]:
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(l)
λ (p) = 1

2π i

[ σ−+i∞∫
σ−−i∞

ds p−s
8πλM−

[
limk→0K(l)

(3k2

4 − γ 2; k,p
); s]

1− 8λ√
3π

(−1)lM
[
Ql

(
x + 1

x

); s − 1
]

+
σ++i∞∫

σ+−i∞
ds p−s

8πλM+
[
limk→0K(l)

(3k2

4 − γ 2; k,p
); s]

1− 8λ√
3π

(−1)lM
[
Ql

(
x + 1

x

); s − 1
]

+
∮

ds p−s S(p)

1− 8λ√
3π

(−1)lM
[
Ql

(
x + 1

x

); s − 1
]
]
, (A.5)

whereσ− > Re[l+2] andσ+ < Re[l+2]. The denominator is simply the Mellin transfor
of the resolvent of the Faddeev equation. Not surprisingly, it determines the asympto
the solution. The functionS(p), determined by the boundary conditions, is in genera
analytic function in the stripσ− < Re[p] < σ+ in which the integration contour lies.

We thus see that the particular solution is finally defined everywhere except at
points Re[s] = Re[l] ± 2 whereM±[limk→0K(l)] does not exist. It is not necessary
perform the contour-integrations leading to an analytic solution here. Rather, we no

t
(l)
λ (p) =

∞∑
i=1

ci

kl

ps
(i)
l (λ)+1

with 1= 8λ√
3π

(−1)lM
[
Ql

(
x + 1

x

)
; s(i)

l (λ)

]
, (A.6)

with some fixed coefficientsci with which theith zeros
(i)
l (λ) of the denominator in (A.5

enters at fixed(l;λ)—unfortunately, there is no closed form for these residues. We
that becauseQl(x + 1/x) is real and symmetric underx → 1/x, the zeroes in the denom
inator of (A.5) come in quadruplets{±s

(i)
l (λ);±s

(i)∗
l (λ)}. Only thes(i) := s closest to−1

is important for the amplitude at largep, as it provides the strongest UV-dependence.
tice again that only those solutions exist which do not diverge asp → ∞ and for which
the Mellin transformationM[Ql(x + 1

x
); s] exists as well.

A.2. How to do an integral

To obtain the zeroes of the denominator—or equivalently Eq. (2.18) in the main t
we now perform the Mellin transformation ofQl(x+ 1

x
). First, one represents the Legend

polynomial by a hyperbolic function [27, Eq. (8.820.2)], and then uses in turn the s
representation for2F1 [27, Eq. (9.100)]:

Ql

(
x + 1

x

)
=

√
π �[l + 1]

2l+1�
[
l + 3

2

](
x + 1

x

)−l−1

2F1

[
l + 2

2
,
l + 1

2
; l + 3

2
;
(

x + 1

x

)−2]

=
√

π �[l + 1]
2l+1�

[
l
2 + 1

]
�

[
l+1
2

]
×

∞∑ �
[

l
2 + 1+ n

]
�

[
l+1
2 + n

][ ] (
x + 1

)−(2n+l+1)

. (A.7)

n=0 � l + 3

2 + n �[n + 1] x
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This series is convergent because(x + 1
x
)−2 < 1 for all x ∈ [0;∞], cf. [27, Eq. (9.102)].

Now, perform the Mellin transformation of each term using [27, Eq. (3.251.2)]:

∞∫
0

dx x2n+s+l
(
x2 + 1

)−(2n+l+1) = 1

2

�
[
n + l+s+1

2

]
�

[
n + l−s+1

2

]
�[2n + l + 1] . (A.8)

This integral exists for Re[2n+ l +1] > |Re[s]|, and hence for sufficiently largen, i.e., for
an infinite, absolutely converging sequence. By analytic continuation, the result ca
be shown to be correct for alln. After a few simple manipulations also with the aid of t
doubling formula [27, Eq. (8.335.1)], one can resum the series again:

M
[
Ql

(
x + 1

x

)
; s

]

= √
π2−(l+2)

∞∑
n=0

4−n
�

[
n + l+s+1

2

]
�

[
n + l−s+1

2

]
�

[
n + l + 3

2

]
�[n + 1]

= √
π2−(l+2)

�
[

l+s+1
2

]
�

[
l−s+1

2

]
�

[2l+3
2

] 2F1

[
l + s + 1

2
,
l − s + 1

2
; 2l + 3

2
; 1

4

]
. (A.9)

Inserting this into (A.6) leads to the algebraic equation (2.18) for the coefficientssl(λ)

given in the main text.
When does a solution to the homogeneous version of (2.9) exist? In general, no ar

homogeneous terms can be added due to Fredholm’s alternative: a non-zero solutio
for a given boundary condition either for the inhomogeneous or for the homogeneou
gral equation. This follows also from the considerations leading to (A.5) because th
regions in which

M−
[

lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
; s

]
and M+

[
lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
; s

]
are defined do in general not overlap, so thatS(p) has no support.

However, whenM[Ql(x + 1
x
); s] itself exists, then the homogeneous version of

integral equation has a solution. In that case, (A.8) exists for eachn, and in particular for
n = 0, so that one must have Re[l + 1] > |Re[s]|. As shown in Section 2.3, the kern
is then singular, circumventing Fredholm’s alternative. Danilov [10] discussed the
(l = 0; λ = 1), where the Mellin transformation is listed in [27, Eq. (4.296.3)] with
constraint 1> |Re[sl=0]|, consistent with our result.

To summarise, all Mellin transformations of the particular solution in (A.5) are w
defined for all(s, l, λ) except for the driving term, and for the back-transformation (A
This constrains the values ofs to:

Re[s] �= Re[l] ± 2, Re[s] > −1. (A.10)

The homogeneous part of the Faddeev equation has in general a solution only if the
is not compact. This is found for∣∣ ∣∣
Re[s] < Re[l + 1]. (A.11)
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llows.

.6),

e

rontier

nucl-

l Dy-
A.3. The full off-shell amplitude

One obtains the solution to the full off-shell Faddeev equation (2.14) easily as fo
Replace

8πλM±
[

lim
k→0

K(l)

(
3k2

4
− γ 2; k,p

)
; s

]
in Appendix A.1 by

M
[
8πλ

(−1)l

kp
Ql

(
p

k
+ k

p

)
; s

]
= 8πλ(−1)lks−2M

[
Ql

(
x + 1

x

)
; s − 1

]
. (A.12)

The asymptotic form given in (2.15) follows now from the analogue to (A.5) and (A
keeping in mind that the contours can only be closed in the positive half-plane whenk < p,
and in the negative one whenk > p. Notice thatboth off-shell momenta must obey th
integral equations (2.14).
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