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Recent developments in the area of hadronic and quark-gluon matter under extreme con-
ditions are surveyed. A prime topic is the possible interplay of chiral and deconfinement tran-
sitions in QCD. The symmetry breaking pattern of QCD features two seemingly disconnected
phenomena: the spontaneous breakdown of the Z(3) center symmetry in the deconfinement
transition of pure-gauge QCD, and the spontaneous breaking of chiral SU(Nf ) × SU(Nf )
symmetry in the limit of Nf massless quark flavors. The dynamical entanglement of these
symmetries is discussed in the framework of a schematic model (the PNJL model) in com-
parison with results from lattice QCD. The QCD phase diagram is also explored from this
viewpoint, with emphasis on the (uncertain) location of the critical point. Aspects of com-
pressed baryonic matter at zero temperature and its nuclear physics connection are sketched
in view of new results for the density dependence of the chiral condensate.

§1. Matter produced at RHIC: keywords

The fireball produced at RHIC in the PHENIX and STAR experiments1) has
featured several unexpected phenomena. Transverse energy yields, jet quenching,
flow anisotropy and its analysis in terms of hydrodynamics, all lead to the following
conclusions:
• the initial energy densities reached are as large as E ∼ 10 - 20 GeV fm−3;
• the quark-gluon matter is strongly coupled and opaque;
• its properties are reminiscent of a nearly perfect fluid.

Equilibration appears to proceed extremely fast. The subsequent hadronization and
systematics of particle production at chemical freezeout can be given a simple inter-
pretation:2) a thermal (grand canonical) description of hadron yields works surpris-
ingly well. These observations are successfully parametrized in terms of a limiting
temperature at zero baryon chemical potential, Tlim ' 160 MeV, which is reached
in the heavy-ion collisions for nucleon-nucleon center-of-mass energies

√
sNN & 10

GeV. Extrapolations of the freeze-out curve to non-zero chemical potential, up to
about µB ∼ 0.8 GeV, raise interesting questions about the relationship of these
semi-empirical results to the QCD phase boundary in the plane of temperature T
and quark chemical potential µ = µB/3. Exploring the QCD phase diagram in all
its configurations is thus an objective of prime importance.

§2. Lattice QCD: thermodynamics

Much of our present level of knowledge about QCD phases derives from lat-
tice QCD thermodynamics. An important issue is the interplay between chiral and
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deconfinement transitions and their corresponding critical temperature(s) Tc. Of
particular interest is the behavior, as function of temperature, of the chiral (quark)
condensate and the Polyakov loop. The chiral condensate controls the transition
from spontaneously broken chiral symmetry in its Nambu-Goldstone realization at
low temperature, to the restoration of chiral symmetry in its Wigner-Weyl realiza-
tion at high temperature. The Polyakov loop is a measure of the transition from
confinement in the low-temperature hadronic phase, to deconfinement in the high-
temperature quark-gluon phase.
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Figure 4: The difference of light and strange quark chiral condensates normalized to its zero temperature

value as defined in Eq. 3.5 (left) and the renormalized Polyakov loop expectation value (right). Shown are

results from simulations on Nτ 4 and 6 lattice obtained with the p4fat3 [21] action as well as preliminary

results for Nτ 8 obtained by the hotQCD Collaboration [8]. The upper axis shows the temperature in units

of the distance r0 extracted from the heavy quark potential. The lower temperature scale in units of MeV

has been obtained from this using r0 0 469 fm [20]. The vertical lines indicate a band of temperatures,

185MeV T 195MeV, which characterizes the transition region in the Nτ 8 calculations.

compared to results obtained with the 1-link, stout smeared staggered fermion action [6] as shown

in Fig. 3(right). The differences between the asqtad and p4fat3 calculations on the one hand and the

1-link, stout smeared calculations on the other hand arise from two sources. For small values of Nτ ,

the quark number susceptibilities calculated with 1-link staggered fermion actions overshoot the

continuum Stefan-Boltzmann result at high temperatures and reflect the strong cut-off dependence

of thermodynamic observables calculated with this action. This is well-known to happen in the

infinite temperature, ideal gas limit and influences the behavior of thermodynamic observables in

the high temperature phase of QCD (see footnote 3 and also Fig. 2 in [9]). On the other hand

the differences also arise from the different choice for the zero temperature observable used to set

the temperature scale. While the temperature scale in the asqtad and p4fat3 calculations has been

obtained from the static quark potential (the distance r0), the kaon decay constant has been used in

calculations with the 1-link, stout smeared action. Of course, this should not make a difference after

proper continuum extrapolations have been carried out. At finite values of the cut-off, however, one

should make an effort to disentangle cut-off effects in thermodynamic observables from cut-off

effects that only arise from a strong lattice spacing dependence in a zero temperature observable

that is used to define a temperature scale. In this respect, the scale parameter r0 extracted from the

heavy quark potential is a safe quantity which is easy to determine; it has been studied in detail and

its weak cut-off dependence is well controlled [21, 24].

Let us now turn our attention to observables sensitive to chiral symmetry restoration which,

of course, is signaled by changes in the chiral condensate (Eq. 3.1). This also is reflected in pro-

nounced peaks in the light quark chiral susceptibility as shown in Fig. 2. As the chiral condensate

receives additive as well as multiplicative renormalization, one should look at appropriate combi-

nations that eliminate the renormalization effects. An appropriate choice is to subtract a fraction of

the strange quark condensate from the light quark condensate and normalize the finite temperature

8

〈ψ̄ψ〉T
〈ψ̄ψ〉T=0

chiral

condensate

Fig. 1. Temperature dependence of the chiral

condensate from lattice QCD with 2 + 1

quark flavours and almost physical quark

masses. Adapted from Ref.3)
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Figure 4: The difference of light and strange quark chiral condensates normalized to its zero temperature

value as defined in Eq. 3.5 (left) and the renormalized Polyakov loop expectation value (right). Shown are

results from simulations on Nτ 4 and 6 lattice obtained with the p4fat3 [21] action as well as preliminary

results for Nτ 8 obtained by the hotQCD Collaboration [8]. The upper axis shows the temperature in units

of the distance r0 extracted from the heavy quark potential. The lower temperature scale in units of MeV

has been obtained from this using r0 0 469 fm [20]. The vertical lines indicate a band of temperatures,

185MeV T 195MeV, which characterizes the transition region in the Nτ 8 calculations.

compared to results obtained with the 1-link, stout smeared staggered fermion action [6] as shown

in Fig. 3(right). The differences between the asqtad and p4fat3 calculations on the one hand and the

1-link, stout smeared calculations on the other hand arise from two sources. For small values of Nτ ,

the quark number susceptibilities calculated with 1-link staggered fermion actions overshoot the

continuum Stefan-Boltzmann result at high temperatures and reflect the strong cut-off dependence

of thermodynamic observables calculated with this action. This is well-known to happen in the

infinite temperature, ideal gas limit and influences the behavior of thermodynamic observables in

the high temperature phase of QCD (see footnote 3 and also Fig. 2 in [9]). On the other hand

the differences also arise from the different choice for the zero temperature observable used to set

the temperature scale. While the temperature scale in the asqtad and p4fat3 calculations has been

obtained from the static quark potential (the distance r0), the kaon decay constant has been used in

calculations with the 1-link, stout smeared action. Of course, this should not make a difference after

proper continuum extrapolations have been carried out. At finite values of the cut-off, however, one

should make an effort to disentangle cut-off effects in thermodynamic observables from cut-off

effects that only arise from a strong lattice spacing dependence in a zero temperature observable

that is used to define a temperature scale. In this respect, the scale parameter r0 extracted from the

heavy quark potential is a safe quantity which is easy to determine; it has been studied in detail and

its weak cut-off dependence is well controlled [21, 24].

Let us now turn our attention to observables sensitive to chiral symmetry restoration which,

of course, is signaled by changes in the chiral condensate (Eq. 3.1). This also is reflected in pro-

nounced peaks in the light quark chiral susceptibility as shown in Fig. 2. As the chiral condensate

receives additive as well as multiplicative renormalization, one should look at appropriate combi-

nations that eliminate the renormalization effects. An appropriate choice is to subtract a fraction of

the strange quark condensate from the light quark condensate and normalize the finite temperature
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Figure 1: Left: Quark mass and cut-off dependence of the transition temperature calculated with the p4fat3

staggered fermion action on lattices with temporal extent Nτ = 4 and 6 [7]. Right: Transition temperatures

determined in several recent studies of QCD thermodynamics. From top to bottom the first two data points

show results obtained in simulations of 2-flavor QCD using clover improved Wilson fermions on lattices

with temporal extent Nτ = 8, 10 and 12 [13, 14] and Nτ = 4 and 6 [15], respectively. The remaining data

points have been obtained in simulations of QCD with 2 light quark masses and a physical strange quark

mass. They are based on calculations with staggered fermions using the asqtad action on Nτ = 4, 6 and 8

lattices [16], the p4fat3 action on Nτ = 4, 6 [7] and 1-link, stout smeared action on Nτ = 4, 6, 8 and 10 lattices

[6]. Circles indicate that the determination of the transition temperature is based on observables sensitive

to chiral symmetry restoration, i.e. the chiral condensate and susceptibilities deduced from it. Squares

indicate that observables sensitive to deconfinement have been used to determine the transition temperature,

e.g.the Polyakov loop, its susceptibility and/or light and strange quark number susceptibilities. The diamond

indicates that both sets of observables have been analyzed. With the exception of results presented in [15]

all calculations aimed at an extrapolation to the continuum limit (Nτ → ∞) for physical values of the quark

masses. All results have been rescaled to a common physical scale using r0 = 0.469 fm [20].

This ansatz generally is used to extrapolate to the continuum limit and to extract the transition

temperature, Tc ≡ Tc(0,∞). Of course, when using Eq. 2.2 for an extrapolation to the continuum

limit one has to make sure that the asymptotic scaling regime has been reached. In Ref. [7] the

extrapolation is only based on two different values of the lattice cut-off, aT = 1/4 and 1/6, which

may not be close enough to the continuum limit. This has been taken into account in the analysis

performed in Ref. [7] by estimating a systematic error for the possible scaling violations. This lead

to an estimate of the transition temperature Tc = 192(7)(4) MeV with the second error denoting an

estimate for the systematic uncertainty in the extrapolation. An earlier analysis performed with the

asqtad action on lattices with temporal extent Nτ = 4, 6 and 8 but smaller spatial volume, Nσ/Nτ =

2, lead to the estimate Tc = 169(12)(4) MeV [16]. Both calculations currently get improved in a

systematic comparison of simulations performed with the p4fat3 and asqtad action on lattices of

size 323 8 [8].

In calculations with the p4fat3 action Polyakov loop and chiral susceptibilities have been ex-

amined. The transition temperature has been determined by locating peaks in these susceptibilities
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Fig. 3. Transition temperatures for chiral (circular dots) and deconfinement (squares) crossovers

from lattice QCD. Results for Nf = 2 (upper pannel) and Nf = 2 + 1 (lower) pannel are shown

for comparison. The Nf = 2 + 1 data are taken from Ref.3) (upper) and Ref.5) (lower). Figure

adapted from Ref.4)

Recent updated lattice QCD (LQCD) results for these quantities are shown in
Figures 1 and 2. It is established from such LQCD studies that with inclusion of
quarks, the chiral and deconfinement transitions are continuous crossovers, so that
a critical temperature in the strict sense of a phase transition does not exist. It is
nonetheless possible to identify transition temperatures by examining the maxima of
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corresponding susceptibilties. Such an analysis3) gives a common transition temper-
ature of about 190 MeV for the case of Nf = 2+1 quark flavors with almost physical
quark masses: the chiral and deconfinement crossover transitions seem to coincide.
However, the situation is still under dispute. Previously obtained lattice results5)

are at variance with the more recent ones3) as displayed in Fig.3. It is important
that this issue be clarified in the near future.

The equation of state of strongly interacting matter is now at hand as a function
of temperature T and in a limited range of quark chemical potentials µ. Strategies
for circumventing the fermion sign problem characteristic of finite µ are: improved
multi-parameter reweighting techniques6) , Taylor series expansion methods7)–9) and
analytic continuation from imaginary chemical potential10)–12) . LQCD data ex-
ist for the pressure, the energy and entropy densities, quark densities and selected
susceptibilities.

§3. Symmetries and symmetry breaking patterns

The two prominent phenomena characteristic of low-energy QCD, confinement
and spontaneous chiral symmetry breaking, are governed by basic symmetry princi-
ples of QCD in limiting situations:

SU(3)R × SU(3)L

CHIRAL
SYMMETRY

Z(3)
SYMMETRY

ms

mu,d0

∞

∞

physical point 

SU(2)R × SU(2)L

Fig. 4. Expected symmetry breaking pattern of QCD and phase boundaries illustrated in a sketch

showing the qualitative dependence on the quark masses mu,d and ms. Corners represent

limiting situations in which exact chiral and Z(3) symmetries are realized. Regions of first order

phase transitions are indicated. They are separated from the crossover domain by second order

phase transition lines. The physical point with mu,d ∼ 5 MeV and ms ∼ 0.1 GeV is expected

to be located in the crossover area. Adapted from Ref.10) .

i) An exact symmetry associated with the center Z(3) of the local SU(3) color
gauge group is realized in pure gauge QCD, i.e. for infinitely heavy quarks, the limit
in which gluons are the only active degrees of freedom. The deconfinement transition
in this limiting situation is known to be a 1st order phase transition. In the high-
temperature, deconfinement phase of QCD the Z(3) symmetry is spontaneously
broken, with the Polyakov loop acting as the order parameter.
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ii) Chiral SU(Nf )R × SU(Nf )L symmetry is an exact global symmetry of QCD
with Nf massless quark flavors. In the low-temperature (hadronic) phase this sym-
metry is spontaneously broken down to the flavor group SU(Nf )V (the isospin group
for Nf = 2 and the “eightfold way” for Nf = 3). As consequence there exist 2Nf +1
pseudoscalar Nambu-Goldstone bosons and the QCD vacuum is non-trivial. It hosts
quark condensates 〈q̄q〉 which act as chiral order parameters. In the limit of Nf = 2
massless quarks the transition from spontaneously broken chiral symmetry to its
restoration in the Wigner-Weyl realization is a 2nd order phase transition signaled
by the “melting” of the quark condensate. For Nf = 3 massless quarks this phase
transition is first order.

These two different symmetry breaking scenarios act in opposite corners of the
so-called Columbia plot (see Fig.4). There is no fundamental reason why they should
be connected. Confinement of massless quarks implies spontaneous chiral symmetry
breaking, whereas the reverse is not necessarily true. Whether and under which
conditions the chiral and deconfinement transitions coincide, as apparent in some
recent lattice QCD results, is therefore a crucial question.

§4. Modelling the chiral and deconfinement transitions of QCD

This section briefly summarizes a model that combines the two basic principles
of low-energy QCD just outlined: confinement and spontaneous chiral symmetry
breaking. The confinement aspect is implemented through the dynamics of the
Polyakov loop13) . Chiral symmetry and its spontaneous breakdown at low temper-
ature are the prominent features of the time-honoured schematic model of Nambu
and Jona-Lasinio (NJL)14), 15) . The synthesis of both approaches is called the PNJL
model.

The PNJL model has turned out to be a useful device in order to interpret
LQCD results, to understand the thermodynamics around and above Tc in terms of
quasiparticles, and to extrapolate into regions not accessible by lattice computations.
This model also contributes to the question about the entanglement between chiral
and deconfinement transitions. It is designed much in analogy with a Ginzburg-
Landau type approach: identifying the relevant order parameters as collective degrees
of freedom which govern the dynamics and thermodynamics. Earlier versions of such
a model have been discussed in Refs.16)–18) . Here we summarize recent results and
developments of the two-flavor PNJL model19)–22) , including successful comparisons
with a variety of LQCD data. For related works see refs.24)–26) .

The two-flavor PNJL model starts from the following Euclidean action:

S(ψ,ψ†, φ) =
∫ β=1/T

0
dτ

∫
V
d3x

[
ψ† ∂τ ψ +H(ψ,ψ†, φ)

]
+
V

T
U(φ, T ) (4.1)

with the fermionic Hamiltonian density

H = −iψ† (~α · ~∇+ γ4 m̂0 −A4)ψ + V(ψ,ψ†) , (4.2)

where ψ is the Nf = 2 doublet quark field and m̂0 = diag(mu,md) is the quark mass
matrix. The quarks move in a background color gauge field A4 ≡ Tφ = iA0, where
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A0 = δµ0 gAµ
a ta with the SU(3)c gauge fields Aµ

a and the generators ta = λa/2. The
matrix valued, constant field φ relates to the (traced) Polyakov loop as follows:

Φ =
1
Nc

Tr
[
P exp

(
i

∫ β

0
dτA4

)]
=

1
3
Tr eiφ , (4.3)

In a convenient gauge one can choose a diagonal representation, φ = φ3 λ3 + φ8 λ8,
which specifies φ3,8 as field variables representing the Polyakov loop.

The NJL interaction term V(ψ,ψ†) consists of four-fermion couplings acting
in quark-antiquark and diquark channels. Their construction is ruled by chiral
SU(2) × SU(2) symmetry. The coupling strength and a momentum cutoff scale
are determined by the pion decay constant and the chiral condensate at zero tem-
perature, i.e. by key quantities characteristic of the hadronic phase.

The Polyakov loop effective potential U(φ, T ) in (4.1) models gluon dynamics in
the region around the confinement-deconfinement transition in pure gauge QCD. Its
construction is guided by the Z(3) center symmetry (which transforms an element
u ∈ SU(3)c to exp(2πin/3)u (n = 1, 2, 3, ...)). The basic building blocks for such a
potential are therefore Φ∗Φ, Φ3 and Φ∗3 terms. In Refs.20)–22) the effective potential U
has been designed to properly meet group theoretical constraints, with a logarithmic
ansatz guided by the SU(3) Haar measure:

U(Φ, Φ∗, T )
T 4

= −1
2
a(T )Φ∗Φ+ b(T ) ln

[
1− 6Φ∗Φ+ 4

(
Φ∗3 + Φ3

)
− 3 (Φ∗Φ)2

]
.

(4.4)
The temperature dependent prefactors a(T ) and b(T ) are adjusted such that the
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Fig. 5. Scaled energy density ε, entropy density

s and pressure p as functions of temperature

(given in units of the critical temperature

T0 = 270 MeV) of pure gauge QCD. Lattice

results27) are compared with the Polyakov

loop model (curves)21) with parameters as

explained in the text.
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(see Fig.5).

pressure p = −U(T ) and related thermodynamical quantities reproduce the pure
gauge LQCD results for the equation of state with its first order phase transition
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at a critical temperature T0 ' 270 MeV. Figures 5 and 6 show the resulting fit
to the pure gauge QCD equation of state and the Polyakov loop effective potential
displaying the first order transition at T = T0.

One can expect such an approach to work at temperatures up to about twice
the critical temperature. At much higher temperatures a description of the thermo-
dynamics entirely in terms of the Polyakov loop is no longer adequate as transverse
gluons become important. Alternative parametrizations of U are possible, such as
the form guided by strong-coupling considerations18) which has a different high-
temperature limit. These differences are not crucial when considering the transition
region, T . 2Tc, where different forms of U give remarkably similar results as pointed
out in Ref.28) .

We now proceed to discuss selected applications of PNJL thermodynamics,
mostly in comparison with thermal LQCD results. An interesting example is the
combination of energy density E and pressure p known as the “interaction measure”,
E − 3p. Results of the PNJL calculation19) are shown in comparison with earlier
two-flavor LQCD data in Fig.7. The impressive improvement of the more recent
(Nf = 2 + 1) lattice simulations is displayed for comparison in Fig.8.

0 1 2 3
T/T

c

0

2

4

6

8 N
t
 = 6(ε-3p)/T

4

Fig. 7. The “interaction measure”, E−3p, com-

puted in the PNJL model19) (solid line) and

compared with Nf = 2 lattice results from

Ref.29)
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Figure 1. The trace anomaly, (ε − 3p)/T 4 (left) calculated on lattices with temporal
extent Nτ = 6, 8 and the ratio of pressure and energy density as well as the velocity
of sound obtained in calculations with the p4fat3 action on Nτ = 6 (short dashes) [3]
and 8 (long dashes) [7]. The temperature scale has been obtained from an analysis of
the heavy quark potential from which the Sommer scale parameter has been extracted.
Its value has been fixed to r0 = 0.469 fm.

performed with physical values for the strange quark mass and two degenerate light

quark masses that correspond to a pion mass of about 220 MeV.

2. The QCD equation of state

Systematic studies of the QCD EoS are currently performed with two different versions

of improved discretization schemes for staggered fermions, the asqtad and p4fat3 actions.

Both actions are constructed such that they remove in the high temperature limit O(a2)

lattice discretization errors in bulk thermodynamic observables and reduce explicit

flavor symmetry breaking effects through the introduction of so-called fat links. In
the construction of these actions different strategies have been followed to deal with

these lattice artefacts. Both actions have been used for some time to study the QCD

equation of state on lattices with temporal extent Nτ = 4 and 6 [2, 3]. In a joint effort

the hotQCD collaboration currently extends the studies of the EoS with these actions

to lattices with temporal extent Nτ = 8 [8, 9]. Like in the earlier calculations performed

with the p4fat3 action large spatial lattices are used (Nσ = 4Nτ ) to get close to the
thermodynamic limit.

In Fig. 1 (left) we show results for the trace anomaly, Θµµ ≡ ε − 3p in units of T 4.

The figure shows results from calculations performed on lattices with temporal extent

Nτ = 6 and 8 using the asqtad as well as the p4fat3 actions. It can be seen that both

discretization schemes lead to quite good agreement in a wide range of temperatures;

although a closer inspection shows still a cut-off dependence of the results. They lead
to a reduction of the peak height in Θµµ/T 4, which is located at T # 200 MeV, and

lead to a shift of the rapidly rising part of Θµµ/T 4 in the transition region to smaller

values of the temperature.

Cut-off effects as well as differences arising from both discretization schemes seem

Fig. 8. Update on Nf = 2+1 lattice QCD data

for E − 3p. Taken from Karsch et al.30)

A further quantity of interest is the sound velocity cs given by c2s = dp/dE at
fixed entropy. The PNJL (Nf = 2) results for p/E and c2s (see Fig.9) show the
expected characteristically strong T dependence around the critical temperature,
in close qualitative correspondence to the behavior seen in the LQCD results for
Nf = 2 + 1 (see Fig.10).

Perhaps one of the most striking results of the PNJL model is the dynamical
entanglement of the chiral and deconfinement crossover transitions. If taken sep-
arately, the chiral 2nd order transition in the limit of massless quarks (calculated
in the NJL model without implementation of the Polyakov loop) and the 1st order
deconfinement transition (as described by the Polyakov loop model without quarks)
occur at quite different critical temperatures as shown in Fig. 11. In the PNJL
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Figure 8: The speed of sound (solid) and the ratio of pressure over energy density (dashed)
at vanishing chemical potential as function of temperature (left panel). The right panel
shows the same quantities at a quark chemical potential slightly less than the one at the
critical point (µ = 0.3GeV ! µcrit ! 0.31GeV).

widths for decay into qq̄ grow continously. This implies that at temperatures exceeding
Tc both π and σ modes become thermodynamically irrelevant while correlated quark-
antiquark pairs carrying the quantum numbers of π and σ can still be active above Tc.
One therefore expects that the corrections to the pressure from propagating pions and
sigmas should be concentrated around Tc. These mesonic modes are colour singlets14.
Thus their statistical weight is much smaller than the weight of the deconfined quark
quasiparticles.

5.1 Derivation of meson propagators from the PNJL model

We start from the derivation of mesonic propagators in the PNJL model as performed,
for example, in [25]. We generalise Eq. (27), where the momentum argument of the fields
is suppressed as it has been implied that ξ = ξ(qµ = 0). We release this limitation and
calculate the momentum dependent propagator

j k

qµ

=

[

∂2Sbos

∂ξj(qµ)∂ξk(−qµ)

]−1

, (48)

where ξ now stands for the pion or sigma fields. Note that the functional trace in the
formula for Sbos ensures momentum conservation, such that the sum of the momentum
arguments in the denominator always vanishes. The calculation can be done numerically
as it was done in the previous section. Alternatively, we use an analytic approach as
follows. Recall some useful formulae also exploited in Refs. [6, 8]:

∂ ln det M

∂x
= tr

[

M−1 ∂M

∂x

]

and
∂M−1

∂x
= −M−1 ∂M

∂x
M−1 , (49)

14Colour octet quark-antiquark modes turn out to be very heavy and are far removed from the spectrum
of active degrees of freedom.

22
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p

ε
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s =

dp

dε

Fig. 9. Ratio p/E of pressure and energy den-

sity and squared sound velocity c2
s computed

in the PNJL model21),31) .
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the p4fat3 action on lattices with temporal extentN" = 4 and 6. Also shown is the velocity of sound extracted
from a fit to p/! [6] and using Eq. 2.2.The dashed curve at low energies shows the results for p/! calculated
in a hadron resonance gas model (HRG).

with simulations that have been performed with the asqtad action on a smaller physical volume,

V 1/3T = 2 [5]. Results from the latter calculation are also shown in Fig. 3. The asqtad action

has quite a different cut-off dependence at high temperature, it uses non-perturbatively improved

(tadpole) couplings and also incorporates a more sophisticated smearing of 1-link terms in the

staggered action to reduce flavor symmetry breaking effects. The good agreement between asqtad

and p4fat3 simulations thus suggests that these features only play a minor role in the common

temperature range explored in both calculations, 150MeV<
∼T

<
∼400MeV.

The results shown in Fig. 3 have been obtained in calculations with a physical strange quark

mass and light quark masses that are about (2-2.5) times larger than in nature. This difference is of

no significance at high temperature as the quark masses are small in units of the temperature3. It

may, however, play a role in the low temperature hadronic phase. From the experience gained in

simulations with different light quark masses [7, 8] it is to expected that the region of sudden rise

in the trace anomaly as well as the entropy density shifts to somewhat smaller temperatures in the

case of physical quark mass values. Cut-off effects will lead to a similar effect. This deserves a

further careful analysis (see also disccusion in part II [11]).

2.2.2 Equation of state and velocity of sound

For the description of the expansion of dense matter created in heavy ion collisions, in partic-

ular its hydrodynamic modeling, the temperature dependence of bulk thermodynamic observables

is not of direct interest. It is more relevant to get good control over the dependence of the pressure

on the energy density, p(!), and deduce from this the velocity of sound,

c2s =
dp

d!
= !

dp/!

d!
+
p

!
. (2.2)

3The renormalization group invariant light quark mass for the calculations performed with the p4fat3 action has

been estimated to be mRGI = 8.0(4) MeV [6].
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data. Short-dashed curve (HRG): hadronic

resonance gas estimate. Long-dashed curve:

squared sound velocity c2
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model which couples quark quasiparticles to the Polyakov loop background, chiral
symmetry restoration and deconfinement get intertwined in a joint crossover pattern
at approximately the same transition temperature. This pattern is shown together
with recent lattice results in Fig.12, although this comparison is just meant for gen-
eral guidance since the LQCD data are generated with 2+1 flavours.
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orientation.

We finally turn to the phase diagram in the (T, µ) plane as derived22), 31) from the
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two-flavor PNJL model. The result is shown in Fig.13. The solid line represents the
crossover transition range between the hadronic phase and the quark-gluon phase.
The dashed line marks a first order transition between the phase with spontaneously
broken chiral symmetry and the (color) superconducting high-density phase in which
diquarks accumulate to form a non-vanishing (Cooper pair) condensate. The transi-
tion separating this phase from the quark-gluon sector (marked by the dotted line)
is second order. Further inspection22) reveals that the critical endpoint shown in
the figure is not a tricritical point; the three transition lines do not have a common
junction. It turns out in fact that the location of this point is extremely sensitive
to the input quark mass and to the presence or absence of Polyakov loop dynamics.
For example, the temperature at which the gap ∆ disappears is shifted upward by
about 100 MeV when the Polyakov loop is active, as compared to the standard NJL
model. A more detailed discussion can be found in Ref.22) .

The detailed nature of the critical point is still unclear. Extensions of the PNJL
model to 2+1 flavours are presently being explored28), 33) with inclusion of strange
quarks and the axial U(1)A anomaly. The existence and location of the critical
point turns out to be strongly dependent on the coupling parameter of the ‘tHooft
six-point determinant interaction representing the axial anomaly as derived from
instanton dynamics. A global study of U(1)A breaking mechanisms in both the
quark-antiquark and diquark sectors demonstrates34) that, depending on the detailed
strengths of the interactions driven by the axial anomaly and on the explicit chiral
symmetry breaking by the mass of the strange quark, there may be two critical
points, suggesting a smooth crossover at high baryon density from the hadronic to
the color-superconducting region. Following the discussion in Ref.35) it cannot even
be excluded that there exists no critical point at all in the physically accessible
domain. These open issues certainly call for further detailed studies.

Figure 2: Comparison of phase diagram obtained in mean field approximation [23] (left
panel) and the phase diagram (in the thermodynamic limit) implementing corrections to
the order β ≤ 1 (right panel). Solid lines: cross-over transition of the real part of the
Polyakov loop, dashed lines: first order phase transition and dotted: second order phase
transitions.

Where the first term is just the susceptibility of the Gaussian theory.
In Fig. 2 we compare the phase diagram including corrections to the mean field result

with the mean field result shown in Ref. [23], where it is stated that the corrections due to
fluctuations in the case of the phase diagram are quantitatively small, which is explicitly
approved by Fig. 2. The cross-over transition fixed to the point where ∂(Φ + Φ∗)/∂T is
maximal.

There are several ways to determine the cross-over transition line separating the phase
of broken chiral symmetry from the quark gluon plasma phase. In Fig. 3 two such criteria
are compared. Firstly the maximum in the chiral or Polyakov loop susceptibility χRe Φ

(solid) indicate the cross-over transition, secondly the maximal change (dashed) of the
constituent quark mass and the Polyakov loop signalize the rapid cross-over transition. As
both criteria are linked via the quadratic term in the action, all curves finally converge to
the same point, the critical point in the absence of diquark condensation. A singularity in
the second derivative of the action (or equivalently in the propagator) enforces this unique
intersection point, where the specific heat and other quantities show singular behaviour.

In Fig. 4 we show the chiral and the Polyakov loop susceptibility as a function of
temperature at vanishing quark chemical potential (left panel) and compare them to the
temperature derivatives of the constituent quark mass and the Polyakov loop (right panel).
Why is the behaviour for χM and χRe Φ and χΦ at T → 0 different? The width of
the peak in the temperature derivative of the constituent quark mass m = m0−σ suggests
that this cross-over is influenced by the cross-over of the Polyakov loop. At finite current
quark mass m0 the PNJL model produces an approximate coincidence of the peaks in the
susceptibilities of the Polyakov loop and the constituent quark mass m.

4.3 Moments of the pressure difference

One benchmark for the PNJL-model is the agreement with QCD lattice calculations. One
way to treat the fermion sign problem in lattice QCD is to expand the calculated pressure
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hadronic phase

quark − gluon phase

diquark phase

〈q̄q〉 #= 0

〈qq〉 #= 0

Fig. 13. Phase diagram (in the plane of tem-

perature T versus quark chemical potential

µ) computed in the PNJL model21) with in-

clusion of corrections beyond mean-field ap-

proximation.31)

we end up with

Ππ,σ(νm, #p) = 4Nf

∑

i=0,±

T
∑

n∈Z

∫
d3k

(2π)3
C(ωi

n + νm,#k + #p )C(ωi
n,#k )×

× ωi
n(ωi

n + νm) + #k(#k + #p ) ± Σ(ωi
n + νm,#k + #p )Σ(ωi

n,#k )[
(ωi

n + νm)2 + (#k + #p )2 + Σ(ωi
n + νm,#k + #p )2

] [
(ωi

n)2 + #k 2 + Σi(ωi
n,#k )2

] ,

(3.13)
where ω±

n = ωn ± A4,ω0 = ωn and Σ(ωn, #p ) = m0 + C(ωn, #p )σ̄.
Above Tc the interaction of instable mesons with the quark sea produces an additional

pressure contribution that is given by a ring sum of RPA chains, investigated in Ref. [30] and
leading to the expression

Pmeson(T ) = −
∑

M=π,σ

dM

2
T

∑

m∈Z

∫
d3p

(2π)3
ln [1 − GΠM (νm, #p )] , (3.14)

where dM is the mesonic degeneracy factor, i. e. dπ = 3, dσ = 1.
Due to the momentum dependence of the form factor C, integration and summation in

Eq. (3.13) can only be carried out numerically; the same holds true for the pressure in Eq. (3.14).
Our results are presented in Fig. 5. Besides the full result (thick solid line) we additionally show
the mean-field result, the mean-field result plus pion contributions as well as the the result for an
ideal pion and sigma gas with the masses fixed at their vacuum values. From Fig. 5 it is evident
that at low temperatures the mean-field contribution stemming from the quarks is suppressed
and the pressure can be described by a free pion gas. Near the critical temperature the σ
meson gives an additional contribution. Finally, above temperatures T > 1.5Tc the mesonic
contributions are negligible and the quark-gluon mean-field dominates the pressure.

(ideal)

(in-medium)
(in-medium)

MF
MF + π

MF + π,σ

MF + π,σ

P
/T

4

0.5 1.0 1.5 2.0
T/Tc

0.0

0.5

1.0

1.5

2.0

2.5

Figure 5: Pressure calculated in the nonlocal PNJL model in units of T 4 as a function of
the temperature normalized to the critical temperature. In order to show the impact of the
different effects, the full, i. e. the mean field result with mesonic corrections, pressure (solid line)
is compared with the pion contributions to the mean field (dashed line), the mean field pressure
(dotted line) and the pressure of an ideal pion and sigma gas with fixed masses (thin line).

13

quarks

bosons
(mostly π)

Fig. 14. Pressure as function of temperature

at zero chemical potential, calculated in

the PNJL model with inclusion of mesonic

(quark-antiquark) modes31),36) .

The PNJL model has been extended to include several types of fluctuations
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beyond mean field. The most important ones are those involving the leading chiral
quark-antiquark modes (pions and scalar-isoscalar fields). The computations are
carried out using versions with local and non-local couplings, the latter having the
advantage of not introducing the somewhat artificial momentum space cutoff that
is characteristic of traditional NJL type models. A typical result (see Fig.14) shows
the influence of such mesonic degrees of freedom on the pressure at zero chemical
potential. As expected, pions contribute substantially to the pressure below Tc, while
at T > Tc quark quasiparticles take over.

§5. From nuclei to compressed baryonic matter

At baryon densites around normal nuclear matter, ρ0 ' 0.17 fm−3 and beyond,
and at low temperatures, the PNJL model does not provide a realistic picture for
QCD thermodynamics. The reason is that baryons and their interactions are not
properly accounted for. What is really needed in that region is an approach based
on chiral pion dynamics including baryons as explicit degrees of freedom. In-medium
chiral perturbation theory is such a framework. It works successfully37) in reproduc-
ing the nuclear matter equation of state at low temperature and at densities up to
about twice ρ0. At the same time, when translated into an energy density functional,
this theory provides a very satisfactory description for a large variety of empirical
properties of nuclei38) .

In-medium chiral perturbation theory is the effective field theory constrained
by the chiral symmetry breaking pattern of low-energy QCD. It is based on the
separation of scales in which the nuclear Fermi momentum pF , the pion mass mπ

and the ∆(1230)-nucleon mass difference M∆ −MN ∼ 2mπ, are all small compared
to the scale characteristic of spontaneous chiral symmetry breaking, 4πfπ ∼ 1 GeV
(with fπ the pion decal constant in vacuum). The active degrees of freedom in
this approach are pions coupled to “heavy” baryon sources, the nucleon and the
∆(1230), with interactions governed by the rules of chiral symmetry. All one- and
two-pion exchange processes in the medium are explicitly calculated to three-loop
order in the energy density. Short-distance dynamics, not resolved in detail at the
Fermi momentum scales under consideration, is encoded in contact interactions with
parameters fixed by a few observables.

A question of key importance in the present context is the behavior of the chiral
condensate 〈ψ̄ψ〉 =

∑
q=u,d〈q̄q〉 as a function of baryon density, at zero temperature.

The starting point for this discussion is the QCD Hamiltonian density split into a
chiral symmetric part and a quark mass term,

H = H0 +
∑

q

mq q̄q . (5.1)

Using the Hellmann-Feynman theorem the in-medium chiral condensate is derived
as

〈q̄q〉ρ =
〈
∂H
∂mq

〉
ρ

=
d

dmq
E(pF )|mq=0 , (5.2)

with the energy density E given as a function of the Fermi momentum pF . The quark
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mass dependence is translated into a dependence on the pion mass mπ through the
leading-order Gell-Mann, Oakes, Renner relation in vacuum, m2

π = −mq〈ψ̄ψ〉/f2
π .

Further evaluation gives

〈q̄q〉ρ
〈q̄q〉0

= 1− ρ

f2
π

[
σN

m2
π

(
1−

3 p2
F

10M2
N

+ . . .

)
+

∂

∂m2
π

Eint(pF )
A

]
. (5.3)

The leading linear density dependence of the chiral condensate, corresponding to
the limit of a non-interacting Fermi gas of nucleons, is controlled by the sigma term,
σN = mq∂MN/∂mq = 45±8 MeV. Non-linear density dependence emerges from the
interaction energy per nucleon, Eint/A.

In-medium chiral perturbation theory is the proper tool to determine the mπ

dependence of the one- and two-pion exchange correlations. Phenomenological bo-
son exchange pictures of the NN interaction are obviously not prepared to handle
this problem. The most important contributions come from iterated one-pion ex-
change and two-pion exchange involving ∆(1230) excitations, both calculated in the
presence of Pauli blocking effects on intermediate nucleon states. The pion exchange
tensor force plays a prominent role here, and three-body corelations are naturally
incorporated. When all pieces are collected, the resulting density dependence of the
chiral condensate in symmetric nuclear matter39) is plotted in Fig.15.
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One concludes that two-pion exchange correlations together with the Pauli prin-
ciple, when taken at the physical value of the pion mass, stabilize the leading linear
decrease of the chiral condensate with increasing density. The tendency toward
restoration of chiral symmetry is thus delayed and moved to densities far beyond
2ρ0. This situation changes drastically in the chiral limit (mπ → 0) as the pion
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exchange mechanisms become long-ranged. In this limit chiral restoration would al-
ready occur at ρ ∼ 1.5 ρ0. Under such conditions, the effective field theory approach
based on spontaneous chiral symmetry breaking would not work at typical nuclear
densities around ρ0. It is an interesting perspective that nuclear physics in its many
facets relies so strongly on the up- and down-quark masses being mu,d ∼ 5 MeV,
small but non-zero.

For pure neutron matter, the specific isospin dependence of the relevant two-
pion exchange mechanisms just mentioned causes quite a different balance of effects.
In this case the corrections to the leading linear density dependence of the chiral
condensate turn out to be relatively small40) (see Fig.16). In this perspective, the
core of neutron stars might be closer to chiral symmetry restoration than compressed
nuclear matter with roughly equal number of protons and neutrons. What this means
in essence is that the corrections to the scalar mean field arising from correlations
in the nuclear medium have both isoscalar and isovector parts which are sizeable
individually and about equal in magnitude, with opposite signs. It is of interest to
extrapolate such considerations into the regime of exotic nuclei with large proton or
neutron excess.

§6. Conclusions and outlook

Exploring the QCD phase diagram with all its complexity is a fundamentally
important challenge. Heavy-ion experiments at RHIC give clues about the behav-
ior of matter at extreme initial energy densities and temperatures well beyond the
critical temperature scale Tc of about 200 MeV usually associated with the transi-
tion from the hadronic to the quark-gluon phase. Hadronic freeze-out, on the other
hand, is empirically parametrized in terms of a somewhat lower limiting tempera-
ture, Tlim ' 160 MeV. The fact that Tc and Tlim do not coincide is not necessarily
contradictory, given that - at low baryon chemical potential - the chiral and decon-
finement transitions are continuous crossovers rather than phase transitions. Lattice
QCD results suggest that the Polyakov loop as an indicator of deconfinement begins
its crossover already at temperatures around 150 MeV, well below the critical tem-
perature Tc ' 190 MeV at which the slope is maximal and the related susceptibilty
has its peak.

A quasiparticle approach (the PNJL model) encoding the two basic features that
govern low-energy QCD, chiral symmetry and confinement, is a useful framework to
interpret results from QCD thermodynamics and extrapolate to regions not acces-
sible by lattice computations. It operates with “order parameter” fields, the chiral
condensate and the Polyakov loop, coupled through quarks as quasiparticles with
dynamically generated masses. Despite its simplicity, this approach turns out to be
surprisingly successful in confrontations with lattice data, at least for a temperature
range up to about twice the critical temperature Tc ∼ 0.2 GeV.

Further developments now include extensions beyond mean field theory and the
generalisation to 2+1 flavors with inclusion of the axial anomaly, in order to explore
the rich structure of the QCD phase diagram. An important step is replacing the
notorious NJL cutoff by a running coupling strength and establishing contacts to the
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high temperature limit with incorporation of transverse gluons.
Matter at high baryon density leaves much room for further detailed investiga-

tions. The existence and location of one or more critical points in the QCD phase
diagram is an open issue. It is remarkable that the detailed dynamics related to
the axial anomaly in QCD appears to be of qualitative significance in this context.
Last not least, the hadronic matter phase with its composite (meson and baryon)
degrees of freedom must be approached with an improved effective field theory in
order to provide a more realistic equation of state at high baryon density. Advanced
in-medium chiral effective field theory calculations of the quark condensate and its
density dependence raise new and interesting questions about the role of pion dy-
namics and isospin in compressed baryonic matter.
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22) C. Ratti, S. Rössner and W. Weise, Phys. Lett. B 649 (2007), 57.



Hot and Dense Matter 13
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