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Chapter 1

Introduction

1.1 Effective Field Theories

1.1.1 General Aspects

In this work, a nuclear process — electrodisintegration of the deuteron — is
examined within the framework of Effective Field Theory (EFT). We be-
gin with a short introduction of effective field theories in general and their
application to nuclear physics, based on Refs. [1], [2] and [3].

In physics, the situation often arises that there are two (or more) separate
energy scales involved in a process. If one is only interested in low-energy
observables and the physics at the high-energy (“heavy”) scale is unknown or
needlessly complicated, it is useful to construct an equivalent theory written
only in terms of the “light” degrees of freedom. In a quantum field theory,
this can be formally expressed by looking at the path integral of the full
theory

7 = /Dqspcbexpz'/d%c(qs, D), (1.1)

where ¢ and ® represent the “light” and “heavy” fields, respectively. If the
“heavy” degrees of freedom are integrated out, we are left with

7 = /D¢expi/d4x£eg(¢). (1.2)

The effective Lagrangean L5 comprises only derivatives and powers of ¢ and,
in general, an infinite number of constants that incorporate the effects of the
“heavy” scale. Such an effective field theory still has the symmetries of the
underlying theory. Therefore, we can construct L.g also if the integration
over ® cannot be explicitly performed: In this case it is written as the most
general local Lagrangean that is consistent with these symmetries.

3
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The effective theory can be applied if the two scales associated with &
and ¢, denoted by A and @) respectively, are widely separated. Then the
low-energy observables can be expanded in powers of the small parameter
Q/A. The low-energy scale @) is given by typical momenta of the “light”
fields, whereas the high-energy scale A is set by the masses of the particles
that have been integrated out. Only a finite number of parameters enters at
a given order in ()/A, and these have to be determined by experimental data,
or from the underlying theory, whenever possible. This expansion permits
an estimation of the theoretical error when leaving out contributions beyond
a given order. A critical prerequisite for this estimate is the naturalness
assumption: The sizes of the coefficients that encode short-distance physics
are assumed to be “natural”; i. e. set by the scale A. (There are, however,
exceptions to this, and we will have to deal with an example in Chapter 2.)

The physical reason why the effective theory works for energies that are
much smaller than A is that phenomena at low energies (or long wavelength)
cannot probe details of the high-energy (or short-distance) physics. There
are many examples for such theories. Perhaps the most successful theory
in physics, QED, is actually an effective field theory of some unknown fun-
damental theory. Superconductivity can be described “effectively” by the
Ginzburg-Landau Hamiltonian instead of the more complicated BCS theory.
A classical effective theory of the scattering of light from atoms (Rayleigh-
Scattering) can be constructed. Fermi’s theory of weak interactions is valid
at energy scales much below the W and Z boson masses; these mediating
particles (whose masses set the scale A) cannot be resolved at low energies
of order () < A and can thus be integrated out; at leading order in Q/A,
only a contact interaction proportional to one constant (the Fermi constant)
remains. This latter example has the closest similarity to the nuclear effec-
tive theory used in this work. In the following, we briefly motivate why and
how these ideas are applied to nuclear physics.

1.1.2 Application to Nuclear Physics

Interactions between protons and neutrons are governed by the strong nu-
clear force. Quantum Chromodynamics (QCD) describes these interactions
in terms of fundamental particles — quarks and gluons. These are asymptoti-
cally free in the high-energy regime, which means that the coupling constant
gs is small at extremely short distances (< 0.1 fm) and perturbation theory
can be applied in this regime. However, in a nucleus, the quarks are far from
being asymptotically free, and QCD is non-perturbative (with respect to an
expansion in gs). Moreover, the small nuclear binding energies result from
detailed cancellations between much larger contributions. It is therefore not
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surprising that the structure of even the smallest nuclei is out of reach for
full QCD calculations.

In spite of this, many phenomena in nuclear physics have been successfully
described by the use of models. In particular, deuteron-electrodisintegration
has been examined within a potential model calculation, and we will refer
to those results in our work. There are, however, some dissatisfying aspects
of such models, e. g. their ad hoc nature (i. e. they are not derived from
basic principles such as the symmetries of QCD), the large number of pa-
rameters involved, ambiguities in treating off-shell effects, and particularly
the difficulty of performing reliable error estimates.

This situation is apparently ideal for using effective field theory methods.
In low-energy hadronic physics, quarks and gluons are evidently “ineffec-
tive” degrees of freedom. Restricting oneself to processes at energy scales
below about 1 GeV, only pions and nucleons remain as active degrees of
freedom. (Slow nucleons — despite of their large rest mass — are consid-
ered as low-energy degrees of freedom because energies are measured relative
to the ground state with a given baryon number.) The corresponding the-
ory is known as Chiral Effective Field Theory (xEFT), first developed in
the mesonic sector as Chiral Perturbation Theory (yPT). Several versions of
YEFT have been applied very successfully in the one- and two-nucleon sectors
(see e. g. [4]). The present work is based on a theory without pions which is
valid for even lower energies (introduced in the second Chapter). We demon-
strate how such a theory applies to two-nucleon processes in an efficient way
so that even analytic results can be derived for many observables.

1.2 About this Work

The deuteron, as the bound state of a proton and a neutron, is the sim-
plest nucleus, playing the same fundamental role as the hydrogen atom in
atomic physics. Any realistic model of NN-interaction must describe the two-
nucleon system accurately. Its electromagnetic properties have been studied
in great detail both theoretically and experimentally — amongst others in
photodisintegration (see [5] and [6] for reviews), and also in electrodisinte-
gration (|7, 8, 9] and references there). The latter process has the advantage
to allow an independent variation of energy and momentum transfer.

Most experiments have been performed at high energy transfers and are in
good agreement with potential-model calculations. However, one experiment
examined the triple-differential cross section for d(e, ¢/p)n at low momentum
transfer (< 60 MeV/c) and energies close to the breakup threshold, and
in particular its decomposition into the contributions of different structure
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functions [9]. For the longitudinal-transverse interference cross section, a
discrepancy to theoretical predictions by about 30 % was discovered.

In this work, we study this process in the same energy regime within Pion-
less Effective Field Theory, EFT(#). This theory is introduced in Chapter
2. After considering NN scattering, we present the Lagrangean relevant for
deuteron-electrodisintegration and the power counting rules applied.

This Lagrangean has some unknown coefficients; these are fixed by match-
ing to data in the third Chapter, where we show two applications of EFT(7):
Analytic expressions for the electric form factors of the deuteron and for the
cross section of radiative neutron capture by the proton are reproduced. The
amplitude for the latter process is very similar to the one for ed — e'pn.

The fourth Chapter presents the calculations of the triple-differential cross
section for deuteron-electrodisintegration. First, the necessary kinematic re-
lations and the formalism are introduced, and then we calculate the ampli-
tude for electric transitions up to next-to-next-to-leading order (NNLO), and
for magnetic transitions up to NLO.

The results are discussed in Chapter 5. We compare them to a potential-
model calculation and to the data mentioned above after pointing out some
misconceptions regarding the frame of reference used in [9]. The triple-
differential cross section and the contributions of different structure functions
are considered.

Finally, a summary and outlook can be found in Chapter 6. The Feynman
rules and other details of the calculation are presented in the Appendices.



Chapter 2

Theoretical Framework: EFT(7)

In this Chapter, the tools for calculating two-nucleon processes that are ex-
amined later in this work are introduced. After specifying the energy regime
in which our theory is applicable, we show how low-energy nucleon-nucleon
scattering can be described within Pionless Effective Field Theory, denoted
by EFT(#). Finally, interactions with external photons are included, and the
power counting rules are summarized.

2.1 Range of Applicability

EFT(s) is a nuclear effective field theory similar to Chiral Effective Field
Theory (mentioned in the Introduction). Its advantage is that two-nucleon
processes at the lowest energies are easier to calculate. It is limited to pro-
cesses where the energies and momenta of the scattering nucleons are much
lower than m, &~ 140 MeV; in this case, even pions can be integrated out and
only nucleons remain as effective degrees of freedom, interacting via contact
interactions. This is because the typical Compton wave length of the nucle-
ons is then much larger than the inverse pion mass (~ 1.4 fm)', which means
that the propagating pions cannot be resolved. In other words, even the
longest-ranged part of the NN force, that due to one-pion exchange, appears
short-ranged [1]. Then the NN potential can be approximated to be of zero
range, represented by contact operators in the effective field theory.

In order to perform a sensible perturbative expansion, a small expansion
parameter (/A is required (as explained in the Introduction). In EFT(#),
A is given by the pion mass and () is the scale of the momenta of external
nucleons — or photons, since EFT(5) can be applied to processes including

"We work in natural units, i. e. h=c = 1.
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external probes?, as long as the energy and momentum transferred by the
latter are also lower than m . In our case, typical momenta are between 30
and 80 MeV; we even calculate cross sections at momenta larger than 100
MeV, although we are aware that this is not very much smaller than m, and
the expansion parameter comes close to unity. In spite of this, we still get
sensible results at such high energies (see discussion at the end of Sect. 5.2).

2.2 Nucleon-Nucleon Scattering

2.2.1 Effective Range Theory

A theory which describes NN scattering in terms of a few parameters was
developed more than 50 years ago: Effective Range Theory (ERT) [10] is
a low-energy expansion of the scattering amplitude, valid for momenta less
than the pion mass. First we repeat the basic features of this theory; then
we show how EFT(7) is designed to reproduce ERT results in this sector (see
[11] for a review); and in the next section we go beyond ERT by including
external electromagnetic fields.

For the scattering of two nucleons in the 'Sy channel® — each with mo-
mentum p in the center-of-mass frame — the scattering matrix can be written
s 2i M

28 wp P
S=e _1+p00t5—ip_1+z27r'A' (2.1)
Here 0 is the S-wave phase shift which determines the asymptotic radial
wave function, and M = 938.9 MeV is the isospin-averaged nucleon mass.
The analytic function pcotd is real below the pion threshold p < m, and
can be expanded around p = 0, with a convergence radius of m, /2 (effective
range erpansion):

1 1
peotd = —— 4+ —rep® + rpt + ... (2.2)
Qo 2

For proton-neutron scattering, the empirical values of the coefficients are:
ap = —23.71 fm, 1o =2.73fm, 7 = —0.48 fm®. (2.3)

The shape parameter r; is said to be of “natural size”, i. e. it is given by
the range of one-pion exchange ~ 1/m,. In contrast, the scattering length

2Qnly electromagnetic probes are considered in this work, but one can also study weak
interactions within EFT(¢#) (see e. g. [31]).

3The notation is 2T L, with S the total spin of the NN system, L its orbital angular
momentum and J its total angular momentum.
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ap is much larger than 1/m,, and this causes a problem we will refer to in
the next subsection. The effective range ry is a borderline case: Numerically
twice as large as 1/m,, it could still be regarded as natural, but in Sect. 2.2.3
we will argue that it is more accurate to assume ry ~ Q! where @ is the
characteristic low-momentum scale.

Inserting (2.2) into (2.1) and neglecting the shape parameter and higher
contributions, the amplitude is

41 1
Z'A(ISO) - — )
M —% + 2rop? — ip

(2.4)

which will be reproduced in EFT(#) in the next Subsection.

In the 3S; channel, the deuteron is present as a bound state of a proton
and a neutron, i. e. the amplitude has a pole at p = i7y; the deuteron binding
energy is

B =2.225 MeV, (2.5)

and the pole position is given by
y=VMB =45.70 MeV. (2.6)

The quantity 7 (sometimes called “binding momentum”) scales as () and
determines the size of the deuteron: 1/v & 4.3 fm. This is significantly larger
than 1/m,, which is a prerequisite for studying deuteron properties within
EFT(7#). Expanding pcot d in the *S; channel around zero momentum would
mean that the position of the deuteron pole is reached only perturbatively;
it is therefore useful to make the effective range expansion around the pole:

1
pCOt(S: —’y+ §pd(p2+’y2) +w2(p2+’)/2)2+, (27)
with
This also corresponds to a large scattering length (ﬁ A~y — &4? from

comparing (2.7) to (2.2)), a(3S;) = 5.42 fm. Combining (2.1) and (2.7) gives

iACS) — il ’ _
M =~ + 1pa(p? +~2) — ip

(2.9)

An additional complication in the spin-triplet channel arises from the fact
that the NN interaction is not spherically symmetric (as first recognized when
the deuteron quadrupole moment was measured [12]). This gives rise to a
mixing of the S-wave- with a small D-wave component. We will return to
this in Sect. 3.1.3.
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2.2.2 EFT(5): The Problem of Large Length Scales

Now we show how the amplitude (2.4) is recovered at leading order (LO)
in EFT(#), i. e. keeping only the first term in the Q-expansion. We saw
that both in the 1S, and in the 3S; channels, the amplitude has a pole
at unnaturally small momenta whose scale is not set by the range of pion
exchange. This can only happen if there is a fine-tuning between long- and
short-distance physics; since the effects of short-distance physics are encoded
in the coefficients of the EFT, the location of the pole must be an input for

There are two equivalent formulations for EFT (). In the next Subsection
we introduce the formulation employed in this work, but first we sketch the
original version, following mainly [11]; we neglect the effective range for the
moment and concentrate on the impact of a large scattering length. Then the
LO effective Lagrangean for the scattering of two non-relativistic nucleons
reads*

2

L=NT (i@o + QV—M) N — Co(NTP,N){(NTP,N) + - - - . (2.10)

Here, N = (i) is a doublet of spin 1/2 fields representing the positive-

frequency nucleon field, P, = %02727(1 is the projector on the 1S, channel
(where o and 7 are Pauli matrices acting on spin and isospin space, respec-
tively, see App. B), and Cj is the parameter that contains all the information
of short-distance physics and must be determined from empirical data. At
higher orders, there would be four-nucleon vertices with derivatives of nu-
cleon fields; each term containing an additional derivative is suppressed by
one more power of p ~ (). Relativistic corrections to the nucleon kinetic
energy can also be included perturbatively in an expansion in Q/M.

The scattering amplitude that follows from (2.10) must describe a quasi-
bound state at low energy. (In the S channel where there is a real bound
state, the argument is the same.) The corresponding diagrams are depicted
in Fig. 2.1: the tree-level graph and an infinite series of nucleon bubbles.
Since a bound state can never arise at a finite order in perturbation theory,
all diagrams in Fig. 2.1 should contribute at the same order. Summing up
the infinite series gives the amplitude

ZA — —ZCQ - 'iCoIoCo - iCOIOCOIOCO + cee — . (211)

4For simplicity we consider only the 'Sy channel here.
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Figure 2.1: Diagrams contributing to the NN scattering amplitude.

The loop integral I is linearly divergent. It is conventionally calculated us-
ing dimensional regularization, since this scheme preserves Galilei-invariance,
unlike e. g. cut-off regularization. I, is therefore multiplied by (%)371) so that
its dimension stays the same in D space dimensions:®

I : (,u>3—D/ dP+D] i i
= —1 —
0 2 (2m)P+D) (lg — 2 ie) (B — Iy — 2 + i)
_ ﬁ)?’_DM/ dal !
(2 2m)P p? —12 +ie
3P P 2-D . (D=2
= — <§) M<27T)DWD/2P (T (—p* —ie) 7 . (2.12)

E = pMQ is the total energy in the center-of-mass frame, while p = |p| is the
nucleon momentum. The infinitesimal imaginary part ie is required to shift
the pole away from the real axis in the correct direction. Now it depends
on the specific regularization scheme how this is evaluated further. In the
usual MS scheme, where only poles in D = 3 dimensions are subtracted,
Iy is independent of p. Inserting the result in (2.11) and matching to the
ERT amplitude (2.4), we find that each loop in the bubble sum scales as
Coly ~ agp. For a scattering length of natural size, each loop would thus
be suppressed by one power of @/A. But since 1/ag = 8 MeV, the series
converges only for very low momenta p < 8 MeV. However, a new subtraction
scheme called Power Divergence Subtraction (PDS) was developed [14], where
also the D = 2 poles of I are subtracted. This makes I, dependent on the

scale p:

pps M :
Iy =" =~ (u+ip), (2.13)
7T
and the amplitude (2.11) becomes
A7 {

iA= (2.14)

M %=+ p+ip’

>The parameter p has the dimension of a mass and denotes the renormalization scale.
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This reproduces the ERT result (2.4) if C is chosen such that

dr 1
MCO—CLO -

(2.15)

What we have achieved by using PDS is that now a fine-tuning between
Cp and the linear divergence in I is possible, because both depend on .
Physically this means that a portion of the attractive potential represented
by Cy cancels against the repulsive effect of the virtual kinetic energy of the
nucleons [1]. Finally, a note on power counting should be made: Because
of the fine-tuning allowed by PDS it is consistent to assume that 1/ag ~ Q
although it is numerically smaller than p, since choosing u ~ ) makes the
1/ag-dependent quantity 1/Cy scale as Q. Now Coly ~ agp ~ QO so all
diagrams in Fig. 2.1 indeed contribute at the same order.

2.2.3 Dibaryon Fields

An equivalent way to deal with the existence of low-energy bound states
in the two-nucleon system was suggested in [13]: The inclusion of an ex-
plicit dibaryon field that represents a bound state (in the 3S; channel) or a
quasi-bound state (1S channel) of two nucleons. This formulation simplifies
calculations compared to considering directly contact interactions between
four nucleons, as in the previous subsection. Now the effective range must be
taken into account: In Sect. 2.2.1, we mentioned that it is not clear a priori
how to count 74 and pg. We choose them to scale as Q! as justified at the
end of this Section.

In the dibaryon formulation, the NN interaction in the 'Sy channel is
described by the following LLO Lagrangean:

40
—ys <53NTP§150>N + H.c.) . (2.16)

2 2
L = NT(iao+2v—M)N—Sl(i&o—i—v——As)Sa

The parameters ys and A; are fixed by matching the resulting NN scattering
amplitude to (2.4), and the dibaryon field is denoted by s,, with a = 1,2, 3
being the isospin index representing the I = 1 state. The unusual sign of the
dibaryon term is convention, and H.c. denotes the Hermitean conjugate.
The equivalence of (2.16) and (2.10) can be seen by performing the
Gaufian integration over the s, field in the path integral [13] After a field

Ys

redefinition, (2.10) is recovered and only the combination ;-

sponding to the single parameter Y.

enters, corre-
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e () e © ¢ © R

Figure 2.2: The dressed dibaryon propagator: the double line stands for
the sum of diagrams with arbitrary insertions of nucleon bubbles, while
the thick line represents the free dibaryon propagator.

In order to derive the amplitude, an expression for the dibaryon prop-
agator is required. The full propagator is dressed with an infinite chain of
nucleon bubbles (see Fig. 2.2), all of which contribute at the same order (as
in the previous Subsection):

D
iDy = iDg +iDoI Dy + iDoI DoI Do + ... = ——2 (2.17)
1—1D,
The free propagator as a Green’s function of (i@o + % — As> is
) —1
iDy = ————, (2.18)
E— & — A

where F is the kinetic energy of the dibaryon and p, its momentum, and the
loop integral is given by

; ,(,u>3—D/ dP+] i i (—iy)?
= VA — B) X B} _Zy
2 2m)PHD (lg — L tie) (B — 1y — @2 4 e
2 2
y M pP; .
- 24 _ pM — e — 2.1
= ( . ic u) : (2.19)

where PDS is used to evaluate the divergent integral. Thus we arrive at

—1

iD, = 2 : . (2.20)
E—f—]\‘}—Astﬁ—WM\/%—EM—ié—yQ—M,u

47

2

In the center-of-mass (cm) frame (E = £, p; = 0), the LO NN scattering
amplitude is then

1A = (—iys)iDs(—iys)
. 9
1Y
- , . (2.21)
A
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Again comparing to eq. (2.4), we find for the 1Sy channel:

V8 2 (1 )
= , A, = —— .
M‘/’I"O MTQ

Ys (2.22)

Qo
Inserting this into (2.20), the deuteron propagator in the cm system becomes

MTO 1
iD, = . 2.23
2 L_npM+iVEM (223)

ao

In the 3S) (triplet) channel, s, is replaced by the field ¢;, which repre-
sents the deuteron (see (2.32) below; the index 7 indicates the polarization).
Repeating the above steps and matching to (2.9), we get

V8T 2
Y = , A= —— (’y P u) , (2.24)
M.\/pq Mpq 2
\ .
iD, = =4 ! (2.25)

2 y— 22+ EM)+ivVEM

For external deuteron fields, we need a wave-function renormalization
factor Z which gives the asymptotic normalization of the deuteron’s wave-
function tail. Tt is crucial to reproduce the long-range part of the wave-
function (see e. g. [16]),

[ Z e
q’deuteron(r_)oo): 27Tpd , s (226)

since it is this quantity that dominates the response to low-energy probes.
The rate of exponential fall-off of the wave function is determined by the
binding energy, and Z is given by the residue of the deuteron propagator at
the pole:

iz
=D
E-'-B B t t‘E’:*B
19 pipy :Li(v_@(q% EM)— iv/—EM —z'g))
Z 0F E==B" Mp,0F 2 E=—B
g P (2.27)

Cl—pa

Now we come to the question how to count p; and ry. Numerically, they are

pa = T and ro = . Originally it was suggested that pg ~ ro ~ Q°,
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i. e. they are regarded to be of natural size [14]. This would mean that the
factor Z should be expanded in powers of vpg ~ Q:

Z = pal +vpa+ (vpa)® + .. ]
= 0.408[1 + 0.408 + 0.166 + 0.068 + . .. |. (2.28)

However, the convergence is rather bad (see [18] for a discussion): The NNLO
contribution is still about 17% of the LO one. Thus it seems more accurate
to reproduce the correct wave-function tail at LO, taking p; ~ Q7! (as
suggested in [19]) and then, of course, also ry ~ Q~'. We adopt the latter
convention. This is consistent with regarding (2.18) as the free propagator
at LO, because if ry ~ Q°, then A ~ @Q and the kinetic term would only be
a NLO correction to A (as in [20]).

So far, we did nothing more than reproduce the results of the traditional
ERT. The power of EFT(#) lies in the fact that it can be used to calculate
processes with external probes like electromagnetic fields, including higher
order operators that are not present in ERT. In the next Section this exten-
sion is introduced.

2.3 Lagrangean and Power Counting

In the following, we write down the Lagrangean that describes all processes
examined in this work. Possible higher order terms will be discussed when
processes are covered where they might play a role. The interaction of nu-
cleons and dibaryons with an electric field is implemented at L.O by gaug-
ing the Lagrangean (2.16). For nucleons, 0, — D, = 0, + ieQQA,, where
Q= %(]l +73) is the charge matrix, whereas for the dibaryon D, = 9, +ieA,,.°

The effective Lagrangean can be written in the form (see [21] for a review)

L=Lx+Lo+ Lo+ Lo (2.20)

To the order needed in this work, the four parts read

, D? e
,CN = NT [ZDQ+W+W(K0+H173)U'B]N, (230)
D? 1
Ly, = —s! [iDo + o7 AS] Sa — Vs [sLNTPCE SN +H.e.|, (2.31)

6This means, of course, Dy = 9y + iedy and D = V — ieA.
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L, = —tf {z’Do + % - At] t— yi [(t}NTPfSI)N + H.c.]
—\/%dpd?;fj; [t}(NTOM,jN) + H.c.]
—]\i—idtj [iDy, Oj] t5, (2.32)
Ly = ML\/;OW [tjs;;Bi + H.c.] . (2.33)

The one-nucleon Lagrangean Ly contains — aside from the kinetic term
— the interaction with a magnetic field B = V x A via the isoscalar and
isovector magnetic moments of the nucleon,

1
Ko = a(np + Kn), K1 = =(Kp — Kn), (2.34)
where the magnetic moments of proton and neutron in nuclear magnetons
are
Ky = 2.79, Kp = —1.91. (2.35)

L, and L, are the Lagrangeans for the dibaryon fields in the 1Sy and 35,
channels, s, and t;, respectively (the index i = 1,2, 3 indicates the polariza-
tion of the spin-triplet state). The second terms describe the formation and
breakup of a dibaryon, where the projection operators are (see App. B for
details):

pso) — %02727'@, PZ-(SS” = %0’20‘,‘7’2. (2.36)
In the triplet channel, transitions between S- and D-wave are covered by the
third and fourth terms of £; (2.32). The corresponding operators read

sd 1
ng; = izljy — §(5ij(5xy, (2.37)
1
Oij = — (Dz‘Dj - §5z‘jD2) , (2.38)
1 — (351) (351) —  — — (351) — — (351) —

(2.39)

The arrows in (2.39) indicate the direction in which the operators act. All
operators are constructed in such a way that gauge invariance is guaranteed.
The coefficient Cy; will be determined from the experimental value of the
S D mixing parameter 7,4, while Cg will be fixed by the quadrupole moment
(see Chapter 3.1.3).



2.3. LAGRANGEAN AND POWER COUNTING 17

L, accounts for a transition between the 'Sy and 2S; channels caused by
a magnetic field acting on a dibaryon. Again there is an unknown coefficient,
Ly, which has to be determined by matching to data. This will be done in
Chapter 3.2 by considering the cross section for radiative neutron capture by
the proton.

A compilation of the Feynman rules that correspond to the above La-
grangean is given in Appendix A. Most of the power counting rules have
already been set up and are now summarized. The basic low-energy quanti-
ties scale as follows:

1 1 1
Ip| ~ VMpd ~y~—~ — ~— ~ Q. (2.40)
Pd To Qg
Hence the wave function renormalization factor scales as Z ~ 1. For the

nucleon-propagator
1 _
Q7 (2.41)

0_ 4
q 2M

and for the dibaryon propagators (2.23, 2.25)
Dy~ D, ~ Q2. (2.42)

Each NN-dibaryon vertex — proportional to y,; — brings a factor Q2 by
combining (2.22/2.24) with (2.40). SD mixing is suppressed by Q% with re-
spect to pure S-wave amplitudes because of the two derivatives in (2.32);
thus the coefficient —%x is of the same order as y,, ~ Q2. The denomina-

C\/Mﬂd
tors of % and M—‘;d are chosen such that Csq ~ Cg ~ 1 are of natural size.

Likewise, the coefficient of L in (2.33) is written in a way that L; is also
natural. Besides we note that the isovector magnetic moment x; = 2.35 is
numerically much larger than the isoscalar one ko = 0.44; the latter is there-
fore treated as higher order and is neglected in the following (see discussion
in Sect. 3.2.3). Since a space (time) derivative of a nucleon or dibaryon field
gives p ~ Q (p° ~ Q?), a minimally coupled photon should also scale as

A~ Q, A% ~ Q7 (2.43)
and the corresponding vertices as A’ ~ p - A ~ Q2.

Now the tools for calculating the response of a two-nucleon system to an
external electromagnetic field are at hand. We discussed NN scattering in
some detail and wrote down the terms relevant in the following, where they
will be examined further.



Chapter 3

Applications

Before we come to the main part of this work, let us consider some applica-
tions of EFT(7), i. e. reproduce some results that have been derived before.
This is done for several reasons: to get familiar with the theory by consider-
ing relatively simple processes first; to show some of its successes; and — most
importantly — to determine some unknown coefficients in the Lagrangean by
comparing the results to data. In the following, we calculate the electric form
factors of the deuteron, and in Sect. 3.2 the radiative capture process of slow
neutrons by protons.

3.1 Electric Form Factors of the Deuteron

3.1.1 Elastic Electron-Deuteron Scattering

The differential cross section for elastic electron-deuteron scattering

- [A@) + B(q) tan (g)] (3.1)

is the Mott cross section (describing electron scattering off a pointlike par-
ticle) times a correction given by the form factors A(q) and B(q) that can
be written in terms of the charge-, magnetic- and quadrupole form factors of
the deuteron, F(q), Far(q) and Fy(q), respectively:

do _ do
Q. dQ

9 8 4
Alq) = Fa(a) + 3nFi(a) + g0 Fa(a), Blg) = 3n(1+mFi(9), (3.2)
2
where n = 45\143.

18
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(a) (b)

Figure 3.1: LO diagrams contributing to the deuteron charge form factor.

In the following, we reproduce the analytic expressions for the electric
form factors as given e. g. in [11]. A deuteron is characterized by its four-
momentum p* and polarization vector e with p,e* = 0. The basis of po-
larization vectors can be chosen so that €/ = 0!'. Deuteron states are then
denoted by |p,i) = |p, €/') and fulfill the normalization condition (p’, j|p,i) =
(27)36%(p — p’)di;. In terms of these states, the nonrelativistic expansion of
the matrix element of the electromagnetic current up to NNLO is

1 1 E+E
, y O , f— .. _ . P 2 .. S
Bl Rlp.i) = | Folwts + gy ol (as — 300, (S ).
’o- . € /
(P, i emlp.i) = Fo()d(p + )" + Far(9) (67 a; — 67 )
2M,
1 1 ,
toypteld (qiqj - gq%) (p+p )k] : (3.3)
d

3.1.2 Charge Form Factor

The LO contributions to the electric charge form factor F of the deuteron
are depicted in Fig. 3.1. The matrix elements are (from (A.1) and (A.2))

4
', |7 |p,i) = eZE arctan (%) dij, (3.4)
(', l7Vp,i) = —eZ, (35)

where the wave-function renormalization factor Z is given by (2.27). Com-
paring this to the definition of the charge form factor in (3.3), we find

FEO(q) = Z [i arctan (f) - 1} , (3.6)

qpd 2

which fulfills the conventional normalization F(0) = 1.
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Figure 3.2: Comparison of the charge form factors calculated to LO and
NNLO.

It is interesting to compare the LO result to that obtained in the NNLO
calculation in [22] (Fig. 3.2).! The latter includes the contribution from the
nucleon mean-square charge radius (r%) as well as relativistic corrections.
We see that the deviation between the two results indeed becomes very small
for low momenta. The good convergence of the theory in this application
can also be demonstrated by looking at the mean-square charge radius of the
deuteron which is defined via an expansion of Fr:(¢) = 1 — £(r3)¢*> + ... in

powers of ¢%, (r2) = —6%%(q = 0). The LO result is

dq?
(royt@ = L1302 fm? (3.7)
VT L= ype82 ’ '
while at NNLO one finds
NNNLO _ L1 2 — 4.55 fm?2 3.8

This is very close to the experimental value (r2) = 4.538 fm?.

'Note that in [22] a different power counting scheme is used, in which Z is not exactly
reproduced at LO.
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Figure 3.3: Diagrams for the NN scattering amplitudes in the S-to-S-wave
and D-to-S-wave channels. The open circle denotes the D-to-S transition
and involves two spatial derivatives (see Feynman rule (A.6)).

3.1.3 SD Mixing and Quadrupole Form Factor

The deuteron quadrupole form factor is non-zero because the deuteron wave
function has a D-wave contribution, mentioned in Sect. 2.2.1. In the coupled
351 — 3D, channel, the analog to (2.1) is

Ass) Amﬂ)

Aps) Appp]

M
S=1+£—(

27

B 2% cos 2, iet®0+92) gin 2¢,
B ( iei00t02) gin 28, €02 cos 26 ) ’
(3.9)

where the conventions of the phase shifts are defined in [23]. The Lagrangean
that describes the mixing at LO is the third term in £; (2.32), containing the
unknown coefficient Cy4, which will now be determined by the empirically
well-known quantity 754 = 0.0254 [24], the asymptotic ratio of D- and S-wave
components of the deuteron wave function.

The NN scattering amplitudes for the S-to-S-wave and D-to-S-wave
channels are represented by the diagrams in Fig. (3.3). Aigs) was given
in (2.9), while

. . Csd 3 p2
1Aips =1 —/Tpa —.
P8 Mpad — + 3pa(p? +72) —ip

D-to-D transitions — involving four derivatives — are suppressed by two more
powers of () and can be neglected here. Then the asymptotic D-S ratio is
given by

(3.10)

1 tan2g  Apsg
Mlsd 2 sin(dy — 0y) piv Alss iy
Cy 1
= SLE—/ 2 3.11
and Cy, is thus fixed:
Coy e SVTsd g 3y e (3.12)

vV M~?
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(a) (b) ()

Figure 3.4: Diagrams contributing to the deuteron quadrupole form factor
at LO (a,b) and at NLO (c). The shaded square represents the operator
proportional to Cgq (cf. Feynman rule (A.10).

This is almost equal to 1/m75r/2, i. e. clearly of natural size.

Now that the coefficient for SD mixing is determined, we can calculate
the LO contributions to the quadrupole form factor shown in Fig. 3.4 (a) and
(b). The matrix element of the sum of both is

Cud &1 TV — L2 1

O = 2z Ly | s
W) = 262y R M | o B — e (I DR R — ke

o y C M?

— iJ 251] 7 sd

A = 3 A e B

X {—47(] + (169* + 3¢%) arctan (4&)] : (3.13)
fy

The integral is evaluated in the Appendix (D.10).
In addition to that, the quadrupole form factor has a contribution at
NLO, arising from the fourth term in £; (2.32) and shown in Fig. 3.4 (c):

1, C
' 31%9p, i) = e(q'q’ — =¢?67) 2= 3.14
(P, j177p, i) = e(d'd’ — 5¢70") Moy (3.14)
EFT(5) goes beyond ERT here, since this operator is not present in ERT.
Combining the LO and NLO results, we find for the quadrupole form factor

from (3.3):

Fo(q) Coa M 2 2 q Co
=7 —4 1 3 t = — 5.
N Y s |9 (167" + 3¢°) arctan )| a0,
(3.15)
This reproduces the expression given in [22] (when applying our power count-

ing rules). The usual normalization condition is

1
M

Fol0) = . (3.16)
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Figure 3.5: The quadrupole form factor, normalized to pg: The solid
curve is obtained by fitting Cs4 to the quadrupole moment at L.O, while
the dashed curve is the NLO result of (3.15) .

If we fit

1 Cu M’ 2 Cq
—_Fy(0) = 27 AL e
M2 2(0) I il 32n3y | Mpa

(3.17)

to the empirical value for the electric quadrupole moment g = 0.2859 fm?,
we find Cg = —1.703 fm?. This is indeed O(1), i. e. of the order of 1/m,?,
so the naturalness assumption is confirmed.

For the quadrupole moment at leading order, i. e. setting Cgy = 0, we
get p1s? = 0.566 fm*. Thus the NLO contribution is about —50 % of the
LO one. One could, however, fit C,y directly to the quadrupole moment
at LO (eq. (3.17) without the Cp-term), obtaining Cs(so) = 1.17 fm®?; the
resulting quadrupole form factor is plotted in Fig. 3.5, compared to the NLO
one of eq. (3.15). We observe a rather large NLO contribution. Therefore,
it is more accurate to fit Csq not to the quadrupole moment but to 7,4, and
reproduce pg at NLO. In calculating the electrodisintegration process, we
will use (3.12) for Cq.
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(a) (b) ()

Figure 3.6: Diagrams contributing to the M1y amplitude at LO (a,b) and
at NLO (c).

3.2 Radiative Capture np — dvy

Next we examine the radiative neutron capture by the proton. The cross
section for this process at very low energies £ < 1 MeV is important for the
understanding of big-bang nucleosynthesis, since it is needed as an input for
calculations of the abundances of deuterium and other light elements. There-
fore it has been studied in great detail within EFT(#) (see |25, 26, 27, 19]).
We repeat it here to determine one more parameter, L; of eq. (2.33), and
because the amplitude is very similar to the one for deuteron electrodisinte-
gration — the reverse process with the real photon being replaced by a virtual
one. This gives us an additional criterion (besides power counting) to deter-
mine which diagrams are important and which can be neglected in the latter
process. In the energy range of interest, the cross section is dominated by
isovector magnetic transitions M1y and isovector electric transitions Fly,
which will be calculated in the next two Subsections, followed by a compar-
ison of these two and other possible contributions.

3.2.1 Magnetic Transitions

The isovector magnetic transition from the 'Sy isovector channel?® to the 35,
isoscalar channel at LO is determined by the isovector magnetic moment
of the nucleon (ki-term in (2.30) and Feynman rule (A.2)). At NLO the
operator in (2.33) and (A.11) enters, where a magnetic photon couples to
a dibaryon; its coefficient L; will be fixed by the experimental value of the
np — dvy cross section for thermal neutrons. The corresponding diagrams
are depicted in Fig. 3.6. In the center-of-mass frame, the incoming nucleons
have momenta +p. Momentum and energy of the outgoing real photon are
q and go = ¢ = |q|, respectively, and we work in Coulomb-gauge, where the
polarization vector fulfills g - €f,) = 0 (besides e’(*fy)) = 0). The amplitude can

2The spin-singlet state 'Sy must be an isospin-triplet because of the Pauli principle.
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then be written as
1A= ieeijkefé)qjefs)(Ngang)XMlv, (3.18)

where N, and N, are the neutron and proton spinors®. The sum of the
diagrams in Fig. 3.6 gives

2 1 VY=gt arr’ | Ly
Xoy =i—VZ a2 = 3.19
M S T = ip [Rl Pry 2 (319)

which reproduces the expression in [19]. In obtaining this result, the nucleon
propagator was approximated as

2 2\ 1
p (p+aq) 1
— - — N —— 2
(QM 1T oM ) g (3:20)

i. e. we neglected terms that are suppressed by a factor /M (which is even
much smaller than the usual expansion parameter QQ/A). Besides we applied
q~ ’iM”Q from energy conservation. In this approximation, the differential
cross section is (see e. g. [28])

doM1v) P2+ 2
aQ  167%p D IAP, (3:21)

with

> 2 ki o Gmnd ml kn q"q" 2
E A T ) — )| X
| | = ¢€%€ e(d)q € e(d)q 1 1‘[0202] q2 | M1v|
spin

= ¢ X, (3.22)

The resulting contribution of M1y, transitions to the total cross section,

Qa 2_'_ 2\3
o(M1y) _ M|XM1V|2 (3.23)

(with the fine structure constant o = %), is now fitted to the experimental
value for thermal neutrons o(E = % =1.264-107% MeV) = (334.24+0.5) mb
[29], fixing the coefficient L; = —4.41 fm.* The justification for this pro-
cedure will be given later, when we will see that at this energy the cross

3Because of this specification we drop the T-matrices that would project on the appro-
priate isospin state of the two nucleons.

4This value is bit larger than expected by the naturalness assumption, but we can still
treat it as O(1).
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(a) (b)

Figure 3.7: Diagram (a) shows the LO contribution to the E1V amplitude;
diagram (b) vanishes.

section is by far dominated by the M1y-amplitude. Again the term aris-
ing from a four-nucleon-one-photon operator plays an important role (as for
the form factors in the previous section), since the LO terms would give
o(Ly = 0) = 501 fm, which is about 1.5 times larger than the experimental
value. We can expect that this NLO term is important for electrodisintegra-
tion as well.

3.2.2 Electric Transitions

The second important contribution to np — dv comes from isovector electric
transitions E1y from the isovector P-wave to the 3S; channel. The only
operator that enters at LO is obtained from gauging the kinetic term of
the nucleons, and the diagram is depicted in Fig. 3.7 (a). The amplitude
corresponding to the second diagram vanishes because it is proportional to
q- ea) = 0. Thus the LO amplitude is

iA=e(N oy €ayNp)P - €)X E1y (3.24)
where
2 NG 1
XElV - —ZM Zm, (325)

again in accord with [19]. Hence the differential cross section for Ely tran-
sitions is (from (3.21))

do(F1v) _ p? 4 A2
ds2 1672p

3
62|XE1V|2§p2(1 — cos? ), (3.26)

where 0 is the angle between p and q, and the contribution to the total cross
section is

o Fv) — ap(p2 + 72)|XE1V|2. (3.27)
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Figure 3.8: Comparison of individual contributions to the np — d~ cross
section. The M1g and E2g cross sections are taken from [27].

3.2.3 Comparison of Individual Contributions

Comparing the cross sections for M1y (3.23) and Ely (3.27), we see that at
very low energies magnetic transitions dominate over electric ones. For ther-
mal neutrons, the F1y cross section is only o®v) = 5.107% mb, compared
to oM1v) = 334.2 mb. This justifies that L, was fixed by the experimental
value of the cross section. With increasing energy, however, electric transi-
tions become more important and eventually dominate by about two orders
of magnitude, as can be seen in Fig. 3.8, where the different contributions to
the cross section are plotted as functions of the nucleon center-of-mass mo-
mentum p. Apart from the M1y and E1y parts calculated above, two other
contributions are shown: isoscalar magnetic transitions M1g and isoscalar
electric transitions E2g from the 3S; channel. The corresponding cross sec-
tions are taken from [27] and have been included here to show that they
are several orders of magnitude smaller than the dominating parts. We can
expect this behavior also for deuteron-electrodisintegration, since the ampli-
tude is very similar to that for np — d~.



Chapter 4

Deuteron-Electrodisintegration

Now we come to the main part of this work. In this Chapter, the calculation
of the cross section of deuteron-electrodisintegration is presented. After in-
troducing the formalism and kinematic relations, we calculate the amplitude
for electric transitions at LO, which gives the dominant contribution, as ex-
pected from the previous section. Then we consider the major corrections
to this, namely SD mixing which is the only NNLO contribution to electric
transitions, and magnetic transitions (up to NLO). We conclude this Chap-
ter with a discussion of possible higher order terms that are left out in the
calculation. The results for the cross section will be shown and discussed in
the next Chapter.

4.1 Kinematics and Formalism

4.1.1 Kinematics

We begin by introducing the kinematic variables that describe the disin-
tegration process d(e, e’p)n illustrated in Fig. 4.1. There are two frames
of reference that are used conventionally: the laboratory frame — identified
with the deuteron rest frame — which will have a superscript “lab”, and the
center-of-mass frame of the outgoing nucleons (and of photon and deuteron),
denoted by “cm”. The transformation between them is given by a boost along
the three-momentum transfer g by which we define the z-direction. Another
frame of reference is the center-of-mass frame of the whole process, i. e. of
the incoming electron and deuteron, where the analysis of the experiment in
Ref. [9] is said to be carried out. There are, however, some misconceptions
regarding their choice of reference frame; we will come back to this problem
at the end of this Subsection. Here we list only the relevant variables in

28
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Figure 4.1: An illustration of the deuteron-electrodisintegration process:
The electron kinematics refers to the lab frame, while the proton variables
are defined in the cm frame of the two-nucleon final state.

the first two reference frames. Thus, “cm frame” will always stand for the
proton-neutron cm frame, unless explicitly stated otherwise.

Energies and momenta of the electrons are given in the lab frame as the
natural frame for the experimental determination of cross sections: (FE§P, k'aP)
for incoming electrons and (E*", k") for outgoing ones. The angle between
k> and k" is ©". The transferred energy and momentum are then

wlab = E}?b — E(l)ab . Eéab’ qlab — klab . kllab. (41)

For the calculation it is convenient to switch to the cm frame. The reason
will become clear in the next subsection: The hadronic part of the process,
v*d — pn, can be separated from the leptonic part and is then easier to calcu-
late in its own rest frame. So the outgoing proton (neutron) has momentum

p = p* (—p) and total energy E,,) = By =M+ %, since nucleons can

always be treated non-relativistically at the energies of interest. (We denote
the absolute value of a three-momentum |p| = p.) The spherical angles of p
are 0, = O™ and ¢, = @;m,l i.e.p-q=pgcosO, and p-(q x k) oc sin @,,.

The boost parameters for the transformation between the two frames are

Tn the following, p, ©, and ®, are always meant to be in the cm frame, and we drop
the superscript “cm”. Likewise, all other variables without a superscript refer to the cm
frame.
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given by
lab 1

_ 4 —
Mo T
where M, = 2M — B is the deuteron mass. Hence the quantities defined in
the lab frame in (4.1) can be transformed to the cm frame as follows:

(4.2)

w= wcm — ,ywlab o ﬁfyqlab, (43)
¢=q¢" = [yMa. (4.4)

There are five independent variables for this process. We choose the
energies @, E (or equivalently E2® = EB> — Elab) and the scattering
angle ©'% of the electrons in the lab frame, and the proton emission angles
©, and @, in the cm frame. The total energy of the deuteron in the cm frame
is Ed Md +

momentum as

2M ; thus from energy conservation we can write the proton

p=lo- B+t (4.5)

Finally, we write down the involved momentum vectors:

kK" = (sin©f, 0, cos O )k, (4.6)
K" = (sin 2.0, cos @lab)k’lab (4.7)
q® = (0,0,1)¢"", (4.8)
a=q™ = (0,0,1)q, (4.9)
p = (sin®,cosP,,sinO,sind,, cosO,)p, (4.10)
with
lab _ k/lab Qlab Jlab Qlab _ k/lab
cos Ol = T csBl = Ty (4.11)

defining the angles between the electrons (incoming and outgoing respec-

lab2 __ rlab2 2

tively) and the photon. The electron momenta are given by Z

2
and k""" = EéabQ —m?, and the electron mass is m, = 0.511 MeV.

The quantity we want to calculate is the triple-differential cross section

d?o
dEbdQMabdQ),’

(4.12)

where the spherical angles are given by Q% = (8P @lab =) and
Q, = Q™ = (0,,®,). The expression in terms of kinematic factors and the
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scattering amplitude differs from the usual single differential cross section for
a two-particle-to-two-particle reaction such as the photodisintegration pro-
cess. In Appendix C we derive

d30' . kllabpMdMZ |A|2
ABPAQedYy — 8(2m) (M + 37) v/ (MUEF® + o™ - WP = Mz~
(4.13)

This cross section can be split into the contributions of different structure
functions. This decomposition can be written as

d*c B d?
dE2PdQab (), N dE"2PdQlbd(,

(o +or+oprcos @, +orr cos2d,). (4.14)

A separation of the longitudinal-plus-transverse cross section o + or and
the interference terms o and opr can simply be made by varying ®,:

oL +or = %[a(q)p = 45°) 4+ o(®, = 135°)], (4.15)
1 o o o
orr = ﬁ[a(q)p =45°) — (P, = 135°)], (4.16)
orr = %[a(q)p =0°) + o(P, = 180°)]
—%[U(CI)I, — 45°) + o (@, = 135°)]. (4.17)

The decomposition (4.14) is valid either in the lab- or in the ¢cm frame of
the outgoing nucleons; since the transformation between these two frames is
given by a boost along q, it does not affect the azimuthal angle ®,. However,
in the experiment which we would like to reproduce [9], the proton emission
angles ©, and ®, are defined in the “center-of-mass frame”, which one could
interpret as the cm frame of the whole process, i. e. of the incoming electron
and deuteron. In this latter system, (4.14) cannot be applied because the
transformation to the lab frame is not parallel to q, but depends on ®,.
Furthermore, we checked by explicitly calculating the full triple-differential
cross section in the electron-deuteron cm frame that a large discrepancy to
the data exists, if ©, and ®, indeed refer to this frame. Thus, we assume
that in [9] the hadronic variables are also defined in the proton-neutron cm
frame.

Now all relevant kinematic relations have been determined and what re-
mains is to calculate the amplitude A.
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(k) ' (')
(W= FEq,d) p(P)

d(—q) n(—p)

Figure 4.2: Decomposition of the scattering amplitude: The electrons are
represented by the leptonic current and will be left out in all following
diagrams.

4.1.2 Formalism

It is convenient to organize the calculation of the scattering amplitude for
d(e,e'p)n as follows: A can be split into a leptonic and a hadronic part
(Fig. 4.2). It can be written as (see e. g. [31])

A=1"D)J, (4.18)

where [* and J” are the leptonic and hadronic currents, respectively,

1 qlabqll/ab
DSL) = P Guv — : P (419)
dp4 dpq
is the photon propagator and ¢ = k2 — k;lab is the transferred four-

momentum.
The calculation of the hadronic current J* will be carried out in the next
sections. The absolute square of the amplitude includes the hadronic tensor

H* = (J*1J7) (4.20)

avg ’

where the subscript “avg” refers to spin-average, and the leptonic tensor

L™ = (1"11¥) (4.21)

avg

The latter is the same for every diagram and can be calculated easily: The
leptonic current reads in terms of the electron Dirac spinor u(k'®?) and the

electron charge —e:
I = —eu(K™ )y u (k). (4.22)
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It follows that
D = AT my E 4 me)
= 2P(KMVRVIP 4 PR g (Bl n2)) (4.23)
One can readily check that current conservation is fulfilled:
gL = 0. (4.24)

This means that we can replace the photon propagator (4.19) by q%glw. Hence
m
the amplitude becomes

1
A= p qyl“Jﬂ, (4.25)
and
AP = s D
(g00°)?
262 lab vla vlab a a lab v
= m(w JIR T, 4+ K TR TN — (REPE — m2) 1Y),

(4.26)

Thus the leptonic part of the electrodisintegration process is completed.
In the following Sections, the hadronic current will be determined from the
various Feynman diagrams up to a given order. The cross section is then
given by (4.13) and (4.26).

4.2 Electric Transitions at LO

The rules for calculating the hadronic current have already been derived: The
Lagrangean is given in (2.29) and the Feynman rules are listed in Appendix
A. In Sect. 3.2, the reverse process with a real photon was examined, and
we found that for p = 20 MeV, Ely-transitions give the dominant contribu-
tion to the cross section (see Fig. 3.8). Therefore, we first calculate electric
transitions at LO.
There are three diagrams contributing at order Q° (Fig. 4.3). All hadronic
currents for electric transitions have the following structure:
Jt=ieVZ

(NgaiagN;)ej JE

T, (4.27)

1
V8
where we have specified proton and neutron spinors IV, /, and thus no isospin-
projectors (i. e. 7- and Q-matrices present in (2.29)) appear; this has to be
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(1) (2) (3)

Figure 4.3: LO diagrams for electric transitions. Only the hadronic part
is shown.

corrected by identifying the appropriate symmetry factors. For example,
diagram (1) has only a symmetry factor 2 instead of 4 because the photon
couples only to the proton. (The factor 2 comes from the NN vertex.) Thus
we find

I = —2y,D,4,, (4.28)
m _ ;mZ2P—d
I = ST (4.29)
where the proton propagator is given by
i 1

iD, = — = ; (4.30)

( _ )2 . 2

. R

it should not be approximated as in (3.20) (where w = ¢ for real photons),
since now w can be of the same order as ¢?/M. The second diagram gives

J@'Oj@) = 2ytDt5ija (4.31)
2 _ (2)
Ji = —J 4M (4.32)

with the dibaryon propagator of (2.25),
Mpd 7
2 v= 80P +p) +ip

Diagram (3) contains a nucleon loop, and after integrating over ly one finds

iDy = (4.33)

d3l 1 1
2O = 9y DM / 5,
ij Vet @r)3 2+ (—p?) 1+ 9)2 4427
= 2P DMPIP (—p?, 770y, (4.34)
d®l q+21 1
J9® — 90D / 0ij
ij Yt t?/t 9 2m)3 12 + (—p?) (1 + 3)2 + 42 vE

M
= 2y} Dy— 5 (152)(—;02,72)+?A1(—p2,72)) adij. (4.35)
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The integrals in (4.34) and (4.35) can be found in Appendix D (as all other
loop integrals used in this work), and —p? is understood to be —p? — i,
i. e. /—p? = —ip, where p is the proton momentum.

To get the spin- and polarization-averaged absolute square of (4.27), we
use

Z(NgaiagN;)(Ngagaij) = Tr[o"090907] = 26", (4.36)
% Z el = %5“, (4.37)

and find
(T80 oy = 6221—12J;iﬂ' J4. (4.38)

Thus (4.26) becomes

|.A|2 — (47‘(‘(1)2 g
(2 =) 6
lab 11ij 7.vlab 7ij viab 7457 ulab 11ij a lab 1] JVij
x (w JITRVED T 4 KV TR TR — (BRI — m2) Jf T J),
(4.39)
with the fine structure constant o = % ~ %7 The result is plotted as a

function of ©, in Fig. 4.5, compared to the NNLO result derived in the next
Section. The dependence on the proton emission angles ©, and @, stems
entirely from diagram (1). This diagram is responsible for the non-vanishing
orr- and opy terms (defined in (4.16) and (4.17)) at LO; only diagrams with
final-state interaction? can influence these interference terms.

In (4.24), we showed that the leptonic tensor L* is gauge invariant. Since
the Lagrangean of EFT(sf) (2.29) is gauge invariant, the hadronic tensor H*”
must also have this property; this means that the hadronic current satisfies
the continuity equation:

%" Jo—q" - J=0. (4.40)

Thus, we could have specified a certain gauge, e. g. e(()y) = 0, and calculate
the zero-component of the current by employing (4.40). We chose not to use
a special gauge condition but calculate Jy and J directly from Feynman dia-
grams. This allows us to check our results with respect to gauge invariance:
(4.40) is indeed fulfilled for the sum of all LO currents.

2We regard the coupling of a photon to a nucleon after the break-up also as final-state
interaction.
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(sd1) (sd2)
(sd3) (sd4) (sdb)
(sd6) (sd7) (sd8)

Figure 4.4: SD-mixing diagrams that contribute at order (2.

4.3 Electric Transitions at NNLO: SD Mixing

Next we calculate the corrections to the LO (Q) result. At order Q there is
no diagram; the first correction comes from the third term in the Lagrangean
(2.32), which includes two derivatives and is therefore suppressed by two
powers of ). The coefficient of this term that is responsible for SD mixing
has been determined in (3.12), and the corresponding Feynman rules are
given in (A.6)-(A.9). Figure 4.4 shows the diagrams that contribute to the
disintegration process. By simply counting powers of (), one can estimate
the size of the NNLO contribution: If Q/A =~ %, then SD mixing should
contribute about (1)2 ~ 11 % of the LO terms. The error one makes by
truncating the series at this order should be (%) 324 %.

The hadronic current is again given by (4.27), with J, being the sum of
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the following contributions:

1 Cyy 1
Joea - — - <r r; —r2> (4.41)
1) 2 m J 3 )
J(sdl) o J(sdl) r 4.49
R (1.42)

where we have defined r = 2p — q;

Csa 1
JOR) g D( P - 2) 4.43
%] \/M—pd t pp] 3p ) ( )
sd2 sd2) d

The loop integrals in diagram (sd3) are the same as in diagram (3) of Fig.
4.3:

Csaq 2 1
Josas) o Usd gy 28 52) 2 .2 ( P - 25l~), A4 45
] \/M—pd tYy 0 ( P, ) PiDP; 3p J ( )
C'd M 2 2
Jedd) g sd 27 (@) 22y Lo p e 22
ij \/M—Pd tyt2 0 ( p77)+q2 1( pa’Y)
1

X (Pipj — §p25ij>q- (4.46)

The combination of the next two diagrams is

S S CS
Jioj( dd+sds) _ _ o \/Mipthny2

x/ d?l 1 1 n 1 1
G [P U+ 9P+ Bry? (97—

1
X (mj - g125”‘)

Csq
— D QMQB 2 B 2 2
\/M—pd Wi M? [Ba(—p*,7%) + B2(7, —p°)]

x (qzq] 5zj> : (4.47)
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Cia 1
J(§d4+sd5) - _9 54 2052
g NI T Y

x / &l Ll — 3P0 —q—21 Ll — 3% 21
(

271')3 l2 _ p2 (1 + %)2 + 72 (l + %)2 _ p2 l2 + 72
g Cu Dy M le(—p2 ﬂ(qq' - 10125-)01
\/M—pd tYt 2 ) 1] 3 1

+[A3(—p*,7%) — A3(%, —p?)] (qW’“ + /6% — gq’“(SZJ)
L. 1 ..
+[Bs(—p*, ) — Bs(7*, —p°)] (qlq]q’“ — ngq’“é”ﬂ . (4.48)

The functions Bs(a, b), As(a,b) and Bs(a,b) are defined in (D.9), (D.12) and
(D.13), where the loop integrals are evaluated. Here we set D = 3 because
in the final result all u-dependence (stemming from D = 2) drops out. The
last three diagrams contribute only to the vector-component of the current:

sdb C(sd 1 2 1
Jz(j,k): Mpa (—pﬂ%k + (— p;j + 5%)% + 3 (pk - qu> 5,~]) , (4.49)

sd7+sd8 C(sd M 1 1 1 1 1
(4.50)

Again, we find that (4.40) is fulfilled, so that the NNLO amplitude is
also gauge invariant. Figure 4.5 shows a comparison of the LLO and NNLO
results for the squared amplitude. We see that only around ©, ~ 70° does
the NNLO amplitude differ significantly from the LO one, which becomes
very small in this angular range. The smallness of the NNLO contribution
is rather surprising (note that the proton momentum is as large as 78 MeV
for the kinematics chosen). This means that the convergence is better than
estimated and corrections beyond O(Q?) can be neglected to a good approx-
imation.
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Figure 4.5: Logarithmic plot of the squared amplitude for deuteron-
electrodisintegration at LLO and up to NNLO, calculated at Eéab = 50 MeV,
E2b = 41 MeV, Q1P = 40°, &, = 45°.
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Figure 4.6: Diagrams for magnetic transitions at LO (M1-M3) and NLO
(M4).

4.4 Magnetic Transitions up to NLO

In Sect. 3.2, magnetic transitions were found to give a significant contribution
to the cross section for np — dy at very low energies. Now the corresponding
amplitude for the disintegration process is calculated. The relevant parts of
the Lagrangean are given in (2.30) and (2.33), and the Feynman rules in
(A.2) and (A.11). The LO and NLO diagrams are depicted in Fig. 4.6.

The hadronic currents for these diagrams can be written in the form

It = eV Zere ) —(NjosNyy) T (4.51)

1
V8
Thus, averaging over the deuteron polarizations and summing over the nu-
cleon spins gives

<J2Jn>avg = g262§€jk6(d)(N302Np)JT]€l el(d)(N;agNn)J
7

2
- D

G WAEN L (4.52)
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and the squared amplitude is

|-'4|2 = (w(;liaq)j)z% (5jm5kn - 5km5jn)
x (W R et 1 (g 2) 71 )
(4.53)
For the LO diagrams we find
Jiom Dp%qj, (4.54)
Jive) Dn%q@ (4.55)
JIOB) = 2y, Doy MIP (—p?, ). (4.56)

The propagator for the neutron (with momentum —p),

iD, = - (4.57)

differs from D, defined in (4.30) by a minus-sign in the denominator, and
the dibaryon in the intermediate state is now in the 'S, state, with the
propagator D given by (2.23):

M’I"O 1

ao

1Dy =

(4.58)

The loop integral Iéz)(a, b) is calculated in (D.2).

The only NLO contribution is proportional to L, which was determined
in Sect. 3.2.1. The corresponding current is

Ly
"M \/ropa

In Fig. 4.7 we show |.A|? for magnetic transitions at LO and NLO. We
discover the same feature as for the neutron capture: The vertex where a
magnetic photon couples to a dibaryon reduces the amplitude largely, al-
though it is formally NLO. Compared to the electric amplitude (Fig. 4.5),
the magnetic one is much smaller (except for the vicinity of ©, = 70°) in this
energy regime. At smaller energies, magnetic transitions become dominant
(as demonstrated in Fig. 4.8). This is what we expected from the np — dy
process. It is important to note that the only angular dependence in the
magnetic amplitude comes from the p - q -terms in the nucleon propagators.
Thus there is no ®,-dependence, and therefore magnetic transitions at this

order do not contribute to the orpr and opp interference terms defined in
(4.16) and (4.17) (see also Sect. 5.2).

JIMY) — 9y D o (4.59)
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Figure 4.7: ©,-dependence of |A|? for magnetic transitions at LO and
NLO for EfP =50 MeV, E* = 41 MeV, 0% = 40°, &, = 45°.
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Figure 4.8: Comparison of magnetic and electric contributions at very low
energies: EfP =5 MeV, B3P = 2.7 MeV, ©12P = 40°, ¢, = 45°.
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Figure 4.9: One of the N3LO diagrams: The shaded square represents the
operator proportional to Cg (Feynman rule (A.10)).

4.5 Other Possible Contributions

The cross section for deuteron-electrodisintegration has been calculated in
the previous sections up to NNLO for electric transitions, and up to NLO
for magnetic transitions. The estimated error is about 4 % and 11 %, re-
spectively, of the LO contributions. This should be sufficiently accurate for
a meaningful comparison to data (see Chapter 5). What is more, the conver-
gence for electric transitions seems to be even better than estimated, because
the SD mixing terms (NNLO) were found to give a very small contribution
even at relatively high momentum transfers. For magnetic transitions there
is a large contribution at NLO; but since we are mainly interested in the
intermediate momentum range between 30 and 100 MeV where electric tran-
sitions are dominant, we can neglect higher order terms here as well.

Nonetheless, we briefly discuss some higher-order contributions to show
that they are indeed negligible. First, one might think of the Cj-term (2.32)
which was found to have a considerable impact on the quadrupole form factor
(see Sect. 3.1.3). It enters at N3LO, and the corresponding diagram is shown
in Fig. 4.9. The current that is included in (4.27) is

C 1
0 _ Q 2
Jij = _QQtDtMpd (%‘q]' — 34 5ij>- (4.60)

However, it turns out that its contribution to the cross section is negligible.
For example, for the kinematics chosen in Fig. 4.5, the difference between
the NNLO result and the one including (4.60) is less than 0.5 % even at
the minimum around ©, = 70°. The reason why this term is important for
the quadrupole form factor but not for e + d — € + p 4+ n is that in the
latter process, there are not only two SD mixing diagrams (sd4 and sd5 in
Fig. 4.4) as for I, (Fig. 3.4 a,b), but several other diagrams that give a larger
contribution. Not only is the full triple-differential cross section practically
unchanged by including (4.60), but its contribution to the interference terms
orr and opr is even vanishing, since (4.60) is independent of ®,,.
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Figure 4.10: An example for a diagram including P-wave final state inter-
action. The square denotes a P-wave operator of (4.61).

Another set of diagrams contributing to electric transitions includes P-
wave nucleon-nucleon final state interactions, described by the Lagrangean
[25]

EP — <C(3Po)5xy5wz + C(3P1) [5zw5yz . 5a:z5yw]

—|—C(3P2) [25xw5yz + 2% Y _ géxyéwz])

.I.
x (NTOPIN) (NTOYIN) (4.61)
with
0’ =p: 7" - P[" D, (4.62)

and the projector on the iso-triplet, spin-triplet channel is

1
P(P) — —=0920;T273. (463)

EEVE

One example of a diagram arising from Lp (4.61) is depicted in Fig. 4.10.
Although there are only two derivatives involved (like in the SD diagrams
of Fig. 4.4), it enters at order Q*. The reason is that there are no fine-tuned
high-energy scales in the P-channel, so the naturalness assumption tells us
that the coefficients C'°™) scale as Q°. This was confirmed in Ref. [25] by
matching the P-wave phase shifts for NN scattering to the values given by
the Nijmegen phase shift analysis. In contrast, the presence of an unnatu-
rally large length scale must be taken into account for S-channel scattering
(Chapter 2). SD mixing therefore enters at a lower order than P-wave inter-
actions, although both involve two derivatives of nucleon fields. Thus we do
not calculate the P-wave diagrams explicitly but trust our power counting
estimation which states that they contribute even less than SD mixing.

An example for a relativistic effect neglected in our calculation is the
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“spin-orbit” interaction, represented by the following Lagrangean [35]:

. 1 1
L, = Nt {(2/{0 — 5) + (2/{1 — 5) 7'3}

x——c-(DxE—ExD)N, (4.64)

e
8M?
where E = —V Ay — JpA is the electric field. This term is suppressed by
Q/M relative to the magnetic-field term in Ly (2.30). The corresponding
Feynman rule (neglecting the ko-term) is:

q ’
P ¢ P 1 € ik i ,
= (n3) mgpe @ Ry A
1 e L .
- (2/{1 - 5) 3me’]kal(p +p)wAk. (4.65)

The diagrams for the spin-orbit interaction are similar to the ones for
magnetic transitions (Fig. 4.6), with only the photon-nucleon vertex given
by (4.65). They are depicted in Fig. 4.11. The vector-component of the
hadronic current has the same structure as (4.51), and the zero-component

can be written as

o] )
JO = eﬁe”kezd)ﬁ(l\fg@]\f;)ﬂk. (4.66)

The contributions of the different diagrams are:

S0 2"431 —1 ;
Jyoii V= _ytDpWQQ(Qp - q)’d", (4.67)
2k, — % .
sol 1
JJ( ) = ytDpile? 2(2p — q)’w, (4.68)
1
J06e) _ ) 2K — 2(_2p — q)'q" (4.69)
ik - Yeln 4M2 P q q ) .
2k — & ,
s02 1
JJ( ' = D, 4]\/[2_2 (—2p — q)lw, (4.70)
50 2/*{,1 —1 2 .
Ty = 2Dy’ T (182)(—192,72) + ?Al(—p?’y?)) oq", (4.71)

SO 2/</ B l 2 j
e :—2ytDsyf% (L@(—pz,vz) + ?Al(—pzﬁz))q]w- (4.72)

In Fig. 4.12 we see that these terms give only a small correction to the NLO
result for magnetic transitions, as expected. Although the spin-orbit terms
are ®,-dependent, they are so small in the energy range of interest (note that
magnetic transitions themselves are very small here) that their contribution
to the LT interference term is definitely negligible.
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Figure 4.11: Diagrams representing the spin-orbit interaction given by Ls,.
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Figure 4.12: Correction to the NLO magnetic transitions from spin-orbit
coupling for EP = 85 MeV, Eb = 76 MeV, O12P = 40°, &, = 45°.



Chapter 5

Results and Discussion

The calculation of the triple-differential cross section for deuteron-electrodis-
integration was carried out in the previous Chapter. Now we compare the
results to data taken at S-DALINAC [9, 36| and to potential model calcula-
tions. The latter have been performed by H. Arenhovel et al., using a Bonn
r-space potential and including meson exchange currents, isobar configura-
tions, and (in our case negligible) relativistic effects [8, 36, 37|. First, we look
at the energy- and angular dependence of the triple differential cross section,
and then at its decomposition into different structure functions, where a
discrepancy between model calculations and data was reported.

5.1 Triple-Differential Cross Section

First, a few notes on the kinematics used in [9] should be made. At the end
of Sect. 4.1.1, we already argued that the “center-of-mass” frame to which the
hadronic variables refer should be the cm frame of the outgoing proton and
neutron, and not that of the whole e+d — ¢’+p-+n process. Another question
occurred regarding the frame in which the transferred energy FEx is defined
in the experiment. In [9], Ex is said to be obtained “after transformation
to the center-of-mass system”, but we are in continuing discussions with the
authors about this. To motivate this issue, the triple-differential cross section
as a function of ©, is shown in Fig. 5.1 (this quantity will be discussed in
more detail below). Good agreement with data and with the result of the
potential-model calculation mentioned above is observed only if Ex refers to
the lab frame; E$® = 9 MeV would correspond to E'2® = 10.6 MeV (where
the cross section is smaller, see below), and the resulting curve would deviate
largely from the data. We therefore interpret Ey in |9] as E'2°, defined in
the rest frame of the target deuteron.

47
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Figure 5.1: The triple-differential cross section for different values of Ex,
compared to data and to Arenhdvel’s result: The solid line is the result for
B3P = 9 MeV, while dashed line refers to ES™ = 9 MeV (which corresponds
to B2’ = 10.6 MeV). The dotted curve is the double-differential cross
section per MeV, obtained by integrating between Eg?b = 8 and 10 MeV;
the difference to the solid line is almost not visible. The other kinematic
parameters are: Eéab =85 MeV, O1%P = 40°, d, = 45°.

A second issue is demonstrated in Fig. 5.1: In the experiment, the double-
differential cross section, integrated over an Ex-range of 2 MeV, was mea-
sured. Since the result should be twice as large as the calculated triple-
differential one, we assume that the data have been divided by a factor of
two; thus we compare the triple-differential cross section for a fixed value of
E'%2 to the double-differential one per MeV. The difference between integrat-
ing over the 2 MeV-range and taking the mean value of E'?" is irrelevant, as
shown in the plot, and will be neglected in the following.

Now we examine the energy dependence of the triple-differential cross
section for fixed angles. In Fig. 5.2, it is shown as a function of the transferred
energy E%" for two different incoming electron energies EF. Of course,
E'? must exceed a certain threshold energy, so that the deuteron can break
up into two nucleons. This minimal value is formally determined by the
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Figure 5.2: Energy dependence of the triple-differential cross section for

fixed angles ©!2P = 40° and ©,, = 0°.

requirement that the proton momentum p (4.5) is real, i. e.

M
(w—B)M+q22—Md > 0. (5.1)

This is fulfilled for B> > 2.53 MeV at E@P = 50 MeV, and for E% >

3.10 MeV at B> = 85 MeV. Above the threshold, the cross section increases
rapidly and reaches a maximum whose location is shifted to higher E'3" at
growing E#P. In the energy range of interest, F'2> > 8 MeV, both curves in
Fig. 5.2 fall monotonically and can be approximated by a straight line within
a 2 MeV interval. (This is, of course, the reason why integrating over the
interval and multiplying by the mean value gives practically the same result.)

A comparison of our results to the data and to the potential model calcu-
lation mentioned above is shown in the first part of Fig. 5.3 for Ef* = 50 MeV
and E% = 9 MeV (all measurements were carried out at an electron scat-
tering angle ©%" = 40°). The curve denoted by “EFT” is the sum of the
contributions of electric transitions up to NNLO and magnetic transitions
up to NLO, as calculated in the previous chapter. The EFT(#) result agrees
with H. Arenhovel’s very well. Moreover, the data are reproduced reasonably
well.

In the second graph of Fig. 5.3, a decomposition of the different contribu-
tions is shown. The LO electric transitions are dominant for almost all values
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of ©,; only in the region around the minimum at about ©, = 70°, NNLO
contributions and magnetic transitions play a significant role (cf. Fig. 4.5).
The fact that the LO calculation reproduces both data and potential model
results so well is very interesting: It means that by taking into account only
minimal coupling of photons to nucleon- and dibaryon fields, the disintegra-
tion process can be described highly accurately within EFT(5). The reason
is that SD mixing, being the only correction up to NNLO, contributes less
than estimated by naive power counting, as discussed already in Sect. 4.3.
This good convergence allows us to be confident that our results are reliable,
since less well-known short-distance contributions play a very minor role.

The corresponding plots for E?* = 85 MeV are depicted in Fig. 5.4.
Here additional data at large ©, are available; a small deviation from the
theoretical predictions is not very significant since the curves lie more or less
within the error bars. Again EFT(j) and potential model results match very
well, and the LO contribution dominates to the same extent as in Fig. 5.3.
This is not surprising, because the size of the SD diagrams in Sect. 4.3 is
governed by the proton momentum p (since it is larger than ¢°), which is
even smaller for B> = 85 MeV (see insets in Figs. 5.3 and 5.4).

Even at a relatively large energy transfer of E'2> = 15 MeV, the accord of
our results with Arenhdvel’s and with data is rather good (Fig. 5.5). This is
astonishing, as for external momenta as large as p*® = 106 MeV, our theory
should reach the limit of applicability. However, it demonstrates once again
that the NNLO terms are smaller than estimated. The good convergence in
EFT(#) — even for momenta close to the breakdown scale — was found also
in other applications, e. g. in the three-nucleon sector (see [18]).

If one takes a closer look at Fig. 5.5, one sees both a slightly more pro-
nounced deviation from the potential model result (especially at large ©,),
and a larger NNLO contribution around ©, = 70°, compared to Fig. 5.4.
This is what one expects qualitatively, but not to such a small degree. Ad-
ditional plots for F}** = 85 MeV and E'2®> = 11 and 13 MeV are presented in
Fig. 5.6; the agreement is as good as in the plots shown above.

So far, we observed relatively good agreement of EFT(#) predictions and
data, but a closer look at the presented plots already reveals some discrepan-
cies. These are elaborated in the more detailed analysis of the next Section.
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5.2 Decomposition into Different Structure
Functions

The main goal of the experiment [9] was a decomposition of the contributions
of different structure functions, introduced in (4.14)-(4.17): the longitudinal-
plus-transverse (L+T) cross section and the LT- and TT-interference parts.
However, opr is obtained by a subtraction of large numbers measured at
different @, (see (4.17)); the uncertainties of the data turned out to be too
large for a meaningful comparison to theory. Studying the interference terms
provides information about the impact of final-state interaction, since only
diagrams with final-state interaction can be ®,-dependent. The contributions
of the L+ T, LT and TT terms are shown separately in Figs. 5.7 - 5.10, again
compared to data (available only for o, and orr) and to the potential-
model result, for F}* = 85 MeV and four different values of E'2P.

All curves and data are normalized to d*(c; + or)/(dE.dQ.dS),) at
©, = 0° to make the comparison independent of the absolute normaliza-
tion of the data.! A general observation is that o + o7 is the dominant part,
whereas o7 and opr are one and two orders of magnitude smaller, respec-
tively. However, the interference terms become more relevant with increasing
energy transfer; this reflects the growing impact of final-state interaction.

The results of taking into account only LO electric transitions are also
shown in each diagram. The degree to which they dominate over other con-
tributions — already discussed in the previous Section — is even more striking
for o . Magnetic transitions do not contribute at all to the interference cross
sections, since the amplitude calculated in Sect. 4.4 is independent of @, (see
discussion in Sect. 4.4). The impact of SD mixing is slightly increasing with
E'% but small for o7, + o7 and o7 and almost negligible for o7 .

Generally speaking, our results are again in good agreement with those
of H. Arenhdvel; especially o is essentially identical in both calculations.
Only in the very small quantity oy can a significant deviation be detected.
The accordance of o7 with the data, however, is considerably worse; this is
examined in more detail in the following.

IThe error of the value to which the data are normalized has been taken into account
in all error bars.
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Not only the calculated longitudinal-transverse interference cross section
deviates by about 30% from the measured one (as pointed out in [9]), but
also oy, + o at large ©,. In particular, it is remarkable that the latter is
over-predicted at E%* = 9 MeV, but under-predicted at E%* = 15 MeV.
Therefore, we look at the energy dependence of oy + op at ©, = 180° in
Fig. 5.11. The upper diagram shows the normalized values (as in Figs. 5.7
- 5.10). The discrepancy is very striking: The larger E'2°, the more we
under-predict the data. However, if one does not normalize the values, it
looks much less dramatic (see Fig. 5.11 in the middle). Thus, normalizing to
©, = 0° seems to deteriorate the accord of calculations and data — although
it avoids accounting for the absolute normalization of data. The reason for
this can be seen by comparing the second and third plots in Fig. 5.11 (the
latter shows the values to which we normalize). Both display a relatively
small deviation, which go, however, in different directions: The theoretical
result e. g. at %" = 15 MeV is a bit too small for ©, = 180°, but too large
for ©, = 0°; in dividing these two values, the discrepancy increases, of course.
In any case, there is a significant difference in o, + o7 between data on the
one hand, and the agreeing theoretical predictions of EFT () and Arenhéovel
on the other hand.

Now we turn to the longitudinal-transverse interference cross section o .
In Figs. 5.7 - 5.10, we see that the angular dependence of the normalized
values is reproduced qualitatively, but there is a discrepancy of about 30%
(or even more at E'2* = 9 MeV). We examine the energy dependence like for
or + or; in Fig. 5.12, opp at the minimum around ©, = 35° is plotted as a
function of E'2P.

The upper graph shows the values normalized to o, + op at ©, = 0°. We
observe that they are systematically overestimated by 30%. Again, the situ-
ation becomes slightly better when looking at the absolute values (lower plot
in Fig. 5.12). However, a clear deviation remains, and surprisingly becomes
larger at decreasing '

In Sect. 4.5, we discussed some short-distance contributions entering at
higher orders and found that they can be neglected to a very good approxi-
mation. If, in spite of that, some higher order contributions (like e. g. from
the P-wave) were important for o7, they would contribute more at higher
energies, so that this would not explain the behavior seen in Fig. 5.12. Fur-
thermore — as mentioned above — magnetic transitions have at this order no
impact on opp; thus corrections to them which are independent of ®, cannot
be responsible either. Thence EFT(jf) offers no explanation for the observed
discrepancies in comparison with the data. Moreover, we would like to point
out once again that calculations within the different framework of a poten-
tial model yield essentially the same results as EFT(7), especially for opy.
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The disagreements with data remain as an open question and suggest a re-
analysis of the experiment [38]. If the discrepancies are confirmed, this would
pose a non-trivial problem to nuclear theory. It would be interesting to have
more data for the deuteron-electrodisintegration process near threshold and
at low momentum transfers, particularly concerning the decomposition into
the contributions of different structure functions.

One earlier experiment examined this at a slightly higher momentum
transfer [39]. There, good accord between data and a potential model cal-
culation was reported, also for the normalized o;7.2 We compare therefore

2Those calculations were also performed by H. Arenhovel et al., using a Paris potential;
the difference to the Bonn potential we are referring to should not be relevant here.
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of the triple-differential cross section, both obtained in the lab frame (also
for the hadronic variables!) and normalized to o7 at ©, = 0.

the EFT(#) result to these data, although the involved proton momentum
p™ = 117 MeV is near the breakdown scale of this theory; we are encour-
aged by the good agreement with Arenhovel’s results at momenta that are
not much smaller (e. g. Fig. 5.5). In Fig. 5.13, we observe a very good agree-
ment for the normalized values of o, and opp. It is remarkable that our
result reproduces the data so well at such a high momentum transfer, but
deviates significantly from the more recent data at lower momenta.
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5.3 Proposed Experiment at Threshold

A deuteron-electrodisintegration experiment directly above threshold is
planned at S-DALINAC, where the electron scattering angle is almost 180°.
It is important to get experimental information about d(e, ¢'p)n at very low
nucleon momenta, since from that one can infer the cross section for np — d~.
This is a crucial input for calculations concerning big-bang nucleosynthesis
(as mentioned in Sect. 3.2) and is not well-known experimentally in this en-
ergy regime. H. Arenhovel et al. have again provided theoretical predictions
based on the Bonn-potential model for the proposed experiment. We want
to compare the EFT(j) result to these predictions.

The experiment will be carried out at incoming electron energies between
E@b = 20 and 30 MeV, scattering angle ©'* = 178.5° and transferred en-
ergies starting from the value at threshold, which is E'2® = 2.6 MeV for
EfP =20 MeV. At the very low momentum transfers corresponding to these
values, magnetic transitions are expected to give the dominant contributions.
Unfortunately, no azimuthal dependence can be measured for this kinemat-
ics, since the coincidence cross sections are too small [40].

At these low energies, it is important to take the non-vanishing electron
mass into account; its effect has been negligible at the energies relevant in
the previous Sections. In Figs. 5.14 and 5.15, the ©,-dependence of the
triple-differential cross section is shown for E{*» = 20 MeV and four different
values of E2°:  Directly above threshold, it is practically constant for all
©,, and electric transitions are suppressed by about four orders of magni-
tude. For B2 = 3 MeV, a small ©,-dependence is observed, and magnetic
transitions are still largely dominant. For E'2® = 7.6 MeV, magnetic and
electric contributions are of comparable size, while the latter are dominant
for %2 = 12.6 MeV.

The agreement with the potential model result is reasonably good in all
graphs; magnetic transitions have been calculated only up to NLO, so one
cannot expect a better accordance. Future work will improve the accuracy
of the EFT(j) result.

The E'%"-dependence for two different values of ©, is plotted in Fig. 5.16.
For ©, = 90°, we observe an almost perfect agreement with Arenhdvel’s
result. Furthermore, the energy-dependent contribution of magnetic transi-
tions can be seen clearly: They dominate only below about E% = 5 MeV
for this kinematics. We detect a larger deviation for ©, = 0°, where electric
transitions are negligible over the whole energy-range shown (cf. Fig. 5.15).
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The proposed experiment is interesting particularly because it is sensitive
to magnetic contributions which are almost negligible for the kinematics used
in [9]. We are looking forward to see whether the predictions of EFT () will
be confirmed in this sector. Besides we hope that the contributions of the
different structure functions will be re-examined experimentally in the future.
A discrepancy as large as the one discussed in the previous Section should
give rise to more effort both from the experimental and from the theoretical
side; after all, it concerns a quantity of rather fundamental importance — the
response of the nucleon-nucleon system to electromagnetic probes.



Chapter 6

Summary

In this work, the triple-differential cross section for deuteron-electrodisintegra-
tion at low energies has been calculated. We have employed an effective field
theory (EFT(#)) that was constructed to describe few-nucleon systems at
energies below the pion mass ([22| and references there), as an extension of
Effective Range Theory [10]. The existence of unnaturally large length scales
in the two-nucleon sector requires a modification of the naive power count-
ing scheme [15]. Nucleon-nucleon interactions are conveniently described by
introducing explicit dibaryon fields [13] in the Lagrangean of EFT(s). This
Lagrangean is considered up to NNLO for electric transitions and up to NLO
for magnetic ones. The unknown coefficients that enter at these orders are
determined by examining the electric form factors of the deuteron and the
cross section for the radiative capture of thermal neutrons by protons (see
[11] for a review of these applications).

The LO electric transitions give the dominant contributions to the cross
section for d(e, €'p)n at moderate energy- and momentum transfer. The first
corrections arise from the mixing of S- and D-states and enter at NNLO;
their contribution is smaller than estimated by power counting. This means
that minimal coupling describes the process highly accurately. The impact
of magnetic transitions is also small in this energy regime; it becomes more
important with decreasing momentum transfer.

Compared to a potential-model calculation [8], the EFT(5) result is in
very good agreement. Data taken at S-DALINAC [9] are also reproduced
rather well for the full triple-differential cross section, but for its decomposi-
tion into the contributions of different structure functions, we observe some
discrepancies. This is remarkable, since not only do the potential-model pre-
dictions agree with our result but also an earlier experiment [39] carried out
at a slightly higher momentum transfer.

We also compared the EFT(#) prediction to the one of a potential model
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for a proposed experiment directly above the breakup threshold, where mag-
netic transitions are dominant. Relatively good agreement is found again. It
will be interesting to see the results of this experiment, although it will not
be able to resolve the contributions of the different structure functions. This
latter issue — where there are significant discrepancies between calculations
and data — should be re-examined by future experiments. If the existing
data are confirmed, this would pose a non-trivial problem to nuclear theory,
concerning a very fundamental sector, the two-nucleon system.



Appendix A

Feynman Rules

In this Chapter, all Feynman rules applied in this work are summarized.
They follow from the Lagrangean (2.29).
Ly (2.30) yields the following two NN+ vertices:

LgL: —ieQA° +iﬁ@(p+p’)-A (A1)

simply from minimal substitution, and

g = inWH1T3€ZJkUZqJAk; (AQ)

only the isovector magnetic coupling proportional to k1 is shown here, rep-
resented by the solid circle. The ko-term is left out because it is numerically
much smaller (kg = 0.44 << k; = 2.35). The plus- and minus-signs refer to
an outgoing and incoming photon, respectively.

The NN-dibaryon vertices for the 'Sy and 2S; channels read

150 )
= —iy PU e, (A.3)
351 :

= —iy PP (A4)

€4 characterizes the isovector state of s,, while €' is the polarization vector
of the 3S;-dibaryon. Minimal coupling in both channels gives the dibaryon-

photon vertex
g = jeA® — iﬁ(p +p)-A. (A.5)
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The following four vertices represent sd-mixing;:
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—ie {(—pa +ps — %q) Q. PTou

= e

Yok A

{(pa —ps+ %q) - 1Q, P16,

3

The open circle indicates the coupling of a deuteron to two nucleons in a

d-wave. The operator P; is understood to project on the 3S;-channel: P, =
3
pUsY, (A.8) and (A.9) are the vertices for incoming photons. The last term

in (2.32) gives rise to the vertex

=é= = —ie& <qiqj — %5”) A°. (A.10)

Mpq

Finally, the coupling of a 1Sy and a 3S; dibaryon to a magnetic photon
(2.33) is denoted by

351018, L o
= iLe”ke’q]Ak, (A.11)
M\/ropa
where the plus (minus) sign again corresponds to an incoming (outgoing)
photon.



Appendix B

Projection Operators

To project onto a given spin-isospin state of the two-nucleon system we have
used the operators defined in (2.36),

1
pli&o) — —=02T2Tg, 51 — 502072, (B.1)

a \/g (2 \/g
where the Pauli matrices 0 and 7 act on spin- and isospin space, respectively,
and read in the standard representation:

(U0 e (0F) (D0 e

The projectors in (B.1) differ from the “traditional” ones composed of the
operators

1 1
Ps=(1—70.7%), Pr=2@+70-7%) (B.3)

which project onto singlet- and triplet states, respectively. The isospin of
particle 7 is t@ = 17 and that of the two-nucleon system is T = t(1) 4 (2
with T? = T(T + 1) = 0 for the singlet and T? = 1 for the triplet.

In the following, we show that the operators in (B.1) also project onto the

1
correct states, i. e. that NTPQ( 50) vy represents two nucleons in a spin-singlet

and isospin-triplet state (and vice versa for NTPZ-(SS”N). This can be easily
seen by computing

NN = (p,n)m ( z ) = i(np — pn) (B.4)

which corresponds to the isospin-singlet, and
NN = (p, )T ( z ) = i(np + pn) (B.5)
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which is the proton-neutron state in the isospin-triplet. Linear combinations
of NIy N and NT 157N represent the proton-proton- and neutron-neutron
states. Analogously, oy projects on the spin-singlet and o,0; on the spin-
triplet.

Now we still have to motivate the normalization of P,I(ISO) and
This is carried out in [41]: To consider the scattering of two nucleons with
momenta k/2 + p in the center-of-mass frame, we define two-nucleon states
by

Py,

INN(sip)) = s [ a0 N7 (/2 + ) PN (/2 = )]0}, (B)

where s = 251 ;. These states are normalized such that averaging over
polarizations gives

> (NN(s;K,p)INN(s; k, p) = 6°(K — k)6 (p' — p)o°*. (B.7)

pol. avg.

This is fulfilled if the projection matrices satisfy

1
> THPOPO =2, (B.5)

pol. avg.

which is true for the normalization used in (B.1).



Appendix C

Kinematics for the
Triple-Differential Cross Section

In the following, we derive the expression (4.13) for the triple-differential cross
section Mm, where all variables concerning electrons are defined in
the lab frame, while the quantities of the final np-state refer to the final-state
center-of-mass frame. The initial state consists of an electron with four-
momentum k*** = (E&P k") and a deuteron with pglab = (B —qlab),
and in the final state we have an electron with &*'*" = (E& k") a proton
with pif = (E), p) and a neutron with pf; = (£, —p). The five independent
variables that describe the kinematics completely are ERP, E'%P | the electron
scattering angle ©!%" and the angle between proton and photon momenta ©,,
and ®,,.

We start with the well-known formula for a multiple differential cross
section found e. g. in [30], which in our case reads:

1 SR &P dp,
do = A]* 39 flab fp f
4\/<kulabp}z}))2 o Mdgmg (27T) 2E€ (27’(’) 2Ep (27’(’) 2En

X (2m) L (K ph g pt — kD Y o0 (2M)2 (CL)

Integrating over the neutron three-momentum gives

1 AP BE"dp,

do =
g 4\/(EliabE(l)ab + qleb - klab)2 _ Mc%mz (27r)58EéabEpEn

x§(E™ + B, + B, — E¥* — EF")8 M M?. (C.2)
Then we apply &*k’ = k"> dk'dQ. = k'E.dE.dQ. and d*p, = p,E,dE,dS),, and
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rewrite the J-function as

5(F(E,) = -t

~(ED)]

S(E, — EY), (C.3)

whose argument is f(E,) = 2E,+E* — E¥>— Bl (since E, = E, = M+£)
and becomes zero at E) = Z(Ey® + E@* — E?). Thus we get

B 1 | A‘Qk'ladeéabdQLabpdEdep
4,/(EBP P glab . Kab)2 — N[22 (2m)5 B,
1
deM2§5(Ep — E)), (C.4)

and after the E,-integration we arrive at (4.13)

d3 N
g piiq |.A|2

ABSPAQRdSYy,  8(2m)A(M + 457) /(MaB§® + g - KE0)2 — Mm? o)
C.5



Appendix D

Useful Integrals

In this Appendix, all loop integrals used are calculated. The integration
over the zero-component of the loop four-momentum [, is not shown here;
divergent integrals are evaluated in D space-dimensions and regularized in
the PDS scheme (Sect. 2.2.2).

In (2.12) we already employed the following result:

oo - 0| S
()

(- Va) (D-1)

(see [1], or [32] for a detailed derivation). We often needed (e.g. in (3.4)) the
integral (see e. g. [33])

Bl 1
1P (a,b) = /
o (@) 2r)3 2 +a(l+ 9240

- 2—7qu arctan <m> : (D.2)

The following more complicated integrals can be expressed in terms of (D.1)
and (D.2), using the method of tensorial reduction:

; dPl 1’
TWiy /
Y
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i dPl QY
[2(”(@) = /(271_)1) 1+92+a
_ / L (= $)(V - %)
(2m)P ?+a
B / dP1 1i1j+qi4qj
2m)P 2+4a
1

1 y o
_ —5(1[51)((1)5” + Zlél)(a)q’q] (D.4)

(for the last step, see e. g. [34]), which implies

/ (j:;f’ 1 iq‘—;}lﬁ)i o <q744 - %2) I§Y(a).

Furthermore,
; aP g 1
I (a,b) = /
i (a0) CmPE+a(l+ 3210
— Ay(a,0) 2 (D.5)
q
with

ar 1. 1
Al (a'a b) - / d q
2

Cr)PP2+a(l+2)2+0b
B / w1 P+2 b
B 2m)P 12+ a 1+2)2+0b
2
= ) - 1"0) - (L +b—a)[Pab). (DO

With two loop-momenta in the numerator:

i dPl 1V 1
I(Q)U b — /
2 (@0) 2m)P P2 +a(l4+9)2+0

= Ay(a,b)6” + By(a,b)q'q’, (D.7)
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where

Aola,b) = [5” ] 2m)P P2 +a(1+2)2+0

le l2 o (I'Q)2 1

q2

D—l/(27r)D P+a (1+2)2+0
/

(j:)lD [(1 NE i a) (1+ %1)2 +b

1 1 q:q; aPlr 1V 1
B - |5, — DY
2(a,b) 1—D g2 { J q> }/(2%)D12+a(1+%)2+b

1 1/le P-ptd®

1-Dg¢* ) 2m)P P+a (1+3)2+0D

1 1(2-D € 1b—a
1—D¢g? 2 q>

189() = a1’ (a,b) + D

Aq(a,b)

It follows from (D.7) that

/ dPl 1V — 1264 1
D

c 1 .
— B 1] 2 ¢ij ) Dl
eGP Bra (rdEes B0 (qq peo ) (D.10)

Finally, we find for three loop-momenta in the numerator:

[P (g By = / dPl 1VIF 1
3 ’ 2m)P P2 +a(1+2)2+0

= Az(a,b)(q'* + ¢’6" + q"07) + Bs(a,b)d'q’q" (D.11)
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with
1 isik i <ik k cij 3 i k| r(2ijk
Az(a,b) = m Q"+ g’ +q"0 —?qqq 1377 (a, b)
1 dPl1 1 1 3
— D2 - S (q-1)?
3(D—1)q2/(27T)Dl2+a(l+%)2+b [3((1 ) q2(q 1)}
B 1 / dPl q-l LG
(D —-1)¢g? 2m)P 1+ 2)2+0 ?+a
_/ dPl (q-1)? 1
2m)P 2 4a (1+3)?+b
1 1 1
— ) — ey ,
(D—l)q2 |: 970 () a 1((1 ) (] A(a b):| (D 12)
D+21 7, 1 S
Bs(a,b) = D1 {q aq" - mq( 5J'“+qj<5'“+qk5])} 197 (a,b)
- D+2i/ dPl 1 (q-1)° 3q2( e
T Doi¢) Pl rad+924b 2 D+21
D+21 [, 3¢ 7
= DiF {As( ,b) — R <—§Iél)(b)—aA1(a,b) , (D.13)

i Pl (q-1° 1
A b) =
3(@, ) /(27_(_)[) l2+a, (1+%)2+b

/ "l (a1 (| P42+
2P 2 +a A+ 92+

— _a_qzl(l)(a)_/ dl (q'l)2 1+%+b—a
D0 (27T)D(l+%)2+b 2+4+aq
4 2
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We see from (D.11) that

3
/ a1 ! VI — L p2pkgi
@r)El+a(l+9)2+b D

. o . D+ 2 .
—  Ay(a,b) [qz(sﬂf o + gkt — ;qkém}

D

+Bs(a,b) [q’qjq’“ — 5q2q’“5”} : (D.15)
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