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FIG. 11: Renormalized Polyakov loop on lat t ices with temporal extent N! = 4, 6 and 8 (left ) and the normalized di! erence of
light and st range quark chiral condensates deÞned in Eq. 36. The vert ical lines show the locat ion of the t ransit ion temperature
determined in [21] on lat t ices with temporal extent N! = 4 (right line) and in this analysis for N! = 6 (left line).

medium to the addit ion of stat ic quark sources. The stat ic quark free energy, Fq, is related to the Polyakov loop
expectat ion value, !L " # exp($ Fq(T)/ T ),
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It may more rigorously be deÞned through the asymptot ic largedistance behavior of stat ic quark-ant iquark correlat ion
funct ions [31],

!L "2 = lim
|"x ! "y|" #

!L "x L  
"y " . (34)

The Polyakov loop needs to be renormalized in order to at tain a physically meaningful value in the cont inuum limit .
To construct the renormalized Polyakov loop from the bare Polyakov loop expectat ion values, !L ", calculated on
lat t ices with temporal extent N# at a temperature controlled by the gauge coupling ! ,

L r en (T ) = Z N !
r en (! )!L " , (35)

we can make use of our extensive calculat ions of the stat ic potent ial at zero temperature. As out lined in Sect ion
IV we have extracted renormalizat ion constants, (c(! )a), from the matching of the stat ic potent ial to the string
potent ial. These renormalizat ion constants are given in Table I in terms of the product c(! )r 0. With this we obtain
the renormalizat ion constants for the Polyakov loop as, Zr en (! ) = exp(c(! )a/ 2).

Results for the renormalized Polyakov loop are shown in Fig. 11(left ). We note that the cut-o! dependence of L r en

on lat t ices with temporal extent N# = 4 and 6 is small, which is in agreement with results obtained in studies of L r en
in pure SU(3) gauge theories [31]. A similar renormalizat ion of the Polyakov loop obtained in calculat ions with the
1-link, stout smeared staggered fermion act ion has been used in [36]. The large cut-o! dependence of L r en observed
in this case mainly seems to arise from the cut-o! dependence of the zero temperature observable (f K ) used to set
the temperature scale.

Another important aspect of the QCD transit ion is, of course, the change of chiral propert ies with temperature.
This is generally reßected in the temperature dependence of the chiral condensate or related suscept ibilit ies. Also
the chiral condensates need to be renormalized to obtain Þnite, well deÞned quant it ies in the cont inuum limit . To
eliminate the quadrat ic divergences in the linear quark mass dependent correct ion to the chiral condensates [23]
we calculate a suitable combinat ion of light and strange quark condensates at Þnite temperature. We furthermore
normalize this quant ity by the corresponding combinat ion of condensates calculated at zero temperature at the same
value of the lat t ice cut-o! , i.e. at the same value of the gauge coupling ! ,
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Chir al and DeconÞnement
transition windows seem to coincide

...but still under dispute  (see:  Y. Aoki, Z. Fodor, S.D. Katz, K.K. Szabo;  Phys. Lett. B643 (2006) 46 )
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Figure 1: Vector (a) and axial-vector (b) spectral funct ions as given by the
parametrizat ion (12,13) and Appendix, compared with ALEPH data [4] (the
comparison with OPAL data [5] looks very similar).
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For orientat ion, the qøq line in the left panel shows the spectral funct ion in the QGP phase with massless
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! V (T ) and leave TV N una" ected. This amounts to neglect ing contribut ions from matrix elements
such as !" N |T j µ (x)j µ (0)|" N " (nucleon-pion scat terings where the pion comes from the heat bath).
Furthermore, thisapproximat ion doesnot take into considerat ion a possibleT-dependent pion or nucleon
mass. Some e" ect ive models suggest that , near the phase transit ion, the nucleon mass follows the
behaviour of the chiral condensate ! ø%%" and drops abrupt ly as the quarks lose their const ituent masses.
Such modiÞcat ions of part icle propert ies may have a considerable impact on the spectral funct ions.
However, since the temperature range over which the dropping takes place is narrow, we expect such
e" ects not to leave dist inct signals in the dilepton spectra which are only sensit ive to the integrated t ime
(and hence temperature) evolut ion of the system.

The photon spectral funct ion at Þnite density and zero temperature is depicted in Þgure 4 (right panel).
The interact ion with nucleons causes a strong broadening of the # meson down to the one pion threshold,
leading to a complete dissolut ion of its quasipart icle peak structure. The modiÞcat ions of the ! and &
meson spectral dist ribut ions are more moderate: The mass of the ! drops by about 100 MeV at normal
nuclear mat ter density, and its width increases by a factor of about 5, whereas the & mass stays close to
its vacuum value, accompanied by a ninefold increased width.

To summarize, the most prominent changes of the photon spectral funct ion, when compared to the
vacuum case, arise from the broadening of the # due to Þnite baryon density e" ects and the broadening
of the ! due to scat tering o" thermal pions. The & meson retains its dist inct peak structure even
under extreme condit ions of density and temperature. Very close to TC , however, these results based on
perturbat ive calculat ions, are not expected to be reliable.

4.3 A ft er freeze-out cont r ibut ions

At the freeze-out stage, there are st ill vector mesons present . These will decay with their vacuum
propert ieson their way to the detector and add to the dilepton yield from theprevious thermalized phase.
The invariant mass region below approximately 400 MeV is mainly Þlled by the Dalitz decays of the
vector mesons. We take these contribut ions from the experimental analysis of the CERES collaborat ion
for SPS condit ions. Since the PHENIX acceptance starts only above 1 GeV, the Dalitz decays do not
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This in turn may lead to observable consequences for low-energy pion-nucleus interact ions
in systems with large neutron excess. New high-precision experiments producing deeply
bound states of pionic atoms are a promising source of informat ion to invest igate these
issues.

The major part of this presentat ion concentrated on the more extreme condit ions en-
countered in heavy-ion collisions at CERN and RHIC. Signals of the expansion from a
transient quark-gluon phase to the hadronic Þnal states can in principle be observed by
detect ing lepton pairs from the expanding Þreball produced in such collisions. We have
emphasized the importance of using input and constraints from lat t ice QCD thermody-
namics in the analysis of such signals.

We thank N. Kaiser, R. Rapp and J. Wambach for st imulat ing discussions.
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Figure 15: Dilepton invariant mass spectra for the SPS CERES/ NA45 experiment at 160 AGeV.
Shown are data (symbols), the total rate int roduced in sect ion 6.1 (solid line) and a band (shaded) that
represents the range in the dilepton yield when varying the parameters ! 0, vi

z and Tc. See text for details.

contribut ion, i.e. small ! 0, largevi
z and high TC . On the other hand, the lower limit includes a large QGP

contribut ion with large ! 0, small vi
z and low Tc. It is inst ruct ive to note that the shape of the spectrum

changes only moderately above 1 GeV invariant mass within these extreme parameter variat ions. The
Þrst scenario, however, tends to overest imate the data in the region of the " peak, whereas the second
scenario does not leave enough t ime for the hadronic phase to build up the e+ e! excess in the low-mass
region between 200 and 800 MeV, e! ect ively ruling out a large QGP contribut ion.

7 Concluding Remarks

We have calculated dilepton radiat ion from an expanding Þreball created in ult ra-relat ivist ic heavy-ion
collisions over a wide range of beam energies, from SPS 40 AGeV via SPS 160 AGeV to RHIC

!
s =

200 AGeV.

We have explored the evolut ion of a Þreball through the quark-gluon and hadronic phases as they are
assumed to be characterist ic of the QCD equat ion of state. Furthermore, we have emphasized the
relevance of using input and constraints from lat t ice QCD thermodynamics in the analysis of dilepton
signals from the expanding Þreball. The fact that the measured dilepton rates could be reproduced using
a Þreball model Þxed by hadronic informat ion only is a nontrivial conÞrmat ion of its validity. Further
data for di! erent energies and/ or nuclear systems will help to st rengthen or weaken this posit ion.

High resolut ion measurements of the invariant mass spectrum around the region of the # and the
$ mass can reveal informat ion on the average density and temperature in the hadronic phase. The
broadening and massshift of the# meson with temperaturecan serveasa ÕthermometerÕoncethecocktail
contribut ion is reliably assessed. A visible enhancement in the # region beyond the rate originat ing from
#-decays after freeze-out would hint at a temperature which is on average lower than assumed in this
model and therefore point to a lower freeze-out temperature or alternat ive in-medium e! ects on hadrons.
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here has proven successful in the descript ion of pho-
ton and dilepton emission and charmonium supression
in those collisions [13]. For the collisions of In on In at
the SPS, the total entropy in semi-central In-In collisions
at ! = 3.8 measured by NA60 [1] is obtained from that
in peripheral (30%) Pb-Au collisions with 2.1 < ! < 2.55
measured by CERES [18] by mult iplying by the rat io
of charged part icle rapidity densit ies dNch/ d! measured
in both experiments. The number of part icipant baryons
and init ial spat ial extent areobtained via geometrical nu-
clear overlap calculat ions, while ! 0 is determined under
theassumpt ion that stopping power scalesapproximately
with the number of binary collisionsper part icipant . The
elect romagnet ic emission near midrapidity turns out to
be quite insensit ive to changes in the values of ! ws and
dws: these are therefore not modiÞed. The parameters of
the accelerated expansion a! and a! as well as the equi-
librat ion t ime are assumed to be primarily determined
by the incident system energy so they are kept as in Pb-
Pb collisions. The largest uncertainty is the choice of
the decoupling temperature. Because the In-In system
is smaller than Pb-Pb, a higher decoupling temperature
is expected. However, to give an unambiguous answer
would only be possible with simultaneous measurements
of HBT correlat ions and transverse mass spectra. Here
we choose Tf = 130 MeV. As alluded to earlier, kinet ic
equilibrium of all processes is assumed unt il this univer-
sal decoupling temperature is reached. The fact that the
four-pion processes contribute all the way down to Tf

t ranslates into an upper limit to their contribut ion, as
microscopic descript ions of the dynamics (see, for exam-
ple, [19]) suggest a sequent ial decoupling of the di! erent
channels. The equat ion of state in the hadronic phase
and the chemical potent ials µ" , µK are inferred from sta-
t ist ical model calculat ions as described in [13, 20]. The
result ing Þreball has a peak temperature of about 250
MeV and a lifet ime of about 7.5 fm/ c.

The thermal contribut ions have to be calculated by
folding the space-t ime evolut ion of the expanding mat-
ter with the thermal rates. For the mass spectra this
amounts to

dN
M dM d!

=
!

d4x
!

d"
!

dpT pT A(M , pT , ! )
dN

d4xd4q

where A represents the detector acceptance of NA60.
The space-t ime evolut ion enters via the dependence of
the thermal rateson temperature, baryon and pion chem-
ical potent ial, and energy and momentum of the decaying
virtual photon in the local rest frame. The equilibrium
thermal rates have been augmented by appropiate fugac-
ity factors exp(nµ" / T ) with n = 2, 3, 4 for the thermal
#, $, and four-pion annihilat ion contribut ions.

A comparison of a theoret ical calculat ion of the in-
variant mass spectra, with its di! erent components, with
NA60 measurements in semi-central In-In collisions at
the SPS is presented in Fig. 2. Consider the all pT -
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FIG. 2: Mass spect rum in semi-cent ral In-In collisions at SPS
[1] compared to theory. The lower panel shows an integrat ion
over all pT , the upper panel one over high t ransverse momenta
1 GeV/ c < pT < 2 GeV/ c. Part ial cont ribut ions arise from !
decays in vacuum after freeze-out , thermal in-medium ! and
" decays, radiat ion from a thermalized QGP and from ther-
mal four-pion annihiliat ion, and from correlated open charm
decay.

data in the lower panel Þrst . The region below 1 GeV
and at masses smaller than the vacuum mass of the #
meson clearly demonstrates a considerable in-medium
broadening of the # and $ mesons. The decays of the
vacuum # after freeze-out are important , and in certain
mass ranges are of the same order as the in-medium #
and $ meson decay contribut ions. The contribut ion from
the QGP phase becomes more important and eventually
dominant with higher M . We Þnd that four-pion annihi-
lat ion processes are subdominant even for masses above
M ! 1.25 GeV/ c2. This di! ers from the Þndings in [21]
where the four-pion annihilat ion was derived in the soft
pion limit , assuming chiral mixing.

Even though the spectrum is integrated over all pT ,
and mass is Lorentz invariant , a successful theoret ical
understanding of these spectra st ill requires a detailed
understanding of the pT spectra since the acceptance A
is t ransversemomentum-dependent . Addit ional informa-
t ion is obtained if one compares the theoret ical predic-
t ion for momentum cuts of the mass spectrum with the
experimental data. Since the acceptance restricts con-
siderably the informat ion that can be obtained from the
mass spectrum at low transverse momenta, this contri-
but ion is not shown even though our model does provide
a good descript ion of the spectrum in this window of
0 < pT < 0.5 GeV/ c. At higher t ransverse momenta,
1 GeV/ c < pT < 2 GeV/ c, the relat ive contribut ion of
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Tch at an ÒintermediateÓvalue of 175 MeV; ther-
mal freezeout is Þxed at (µfo

! , Tfo) = (79, 120) MeV
(semicentral In-In).

(B) A scenario with a relat ively small and ident i-
cal crit ical and chemical freezeout temperature at
(µch

B , Tch) = (240, 160) MeV, compat ible with re-
cent thermal model Þts in Refs. [21, 22]. For
dilepton spectra the most important consequences
of this scenario are a signiÞcant ly extended QGP
phase which will increase its thermal emission con-
t ribut ion and reduce the hadronic one, in part ic-
ular at intermediate masses. In addit ion, due to
smaller pion chemical potent ials in the subsequent
hadronic phase, the freezeout temperature (at Þxed
Þreball lifet ime) will be larger than with EoS-A, at
(µfo

! , Tfo) = (37, 136) MeV.

(C) A scenario with a large crit ical temperature Tc =
190 MeV (as suggested by recent lat t ice QCD
computat ions [23], which maximizes (minimizes)
the space-t ime volume occupied by the hadronic
(QGP) phase. Since chemical freezeout at such a
temperature is quest ionable, we allow for a chem-
ically equilibrated hadronic phase unt il chemical-
freeze out sets in under the same condit ions as in
EOS-B, at (µch

B , Tch) = (240, 160) MeV.

V . COM PA R I SON T O D I L EPT ON SPECT R A
AT SPS

We now turn to a systemat ic analysis of experimental
dilepton spectra as measured at the SPS by the NA60
and CERES/ NA45 collaborat ions in In-In and Pb-Au
collisions, respect ively. Based on the various ingredients
developed in the previous sect ions, we Þrst address the
NA60 invariant-massand transverse-momentum spectra,
followed by a consistency check with earlier and updated
CERES data.

A . I nvar iant M ass Spect r a

Thermal µ+ µ! invariant-mass spectra for A-A col-
lisions are computed by integrat ing the emission rate,
Eq. (1), over the Þreball evolut ion (as well as three-
momentum),

dNl l

dM
=

M

∆y

t f o!

0

dt VFB (t)
!

d3q

q0

dNl l

d4x d4q
zn

P Acc(M, qT , y) ,

(34)
where Acc denotes the detector acceptance which has
been carefully tuned to NA60 simulat ions [83]. The
fugacity factor, zn

P = en µ P / T , arises due to chemical off-
equilibrium in the hadronic phase for T < Tch; it de-
pends on the thermal emission source under considera-
t ion, cf. Eq. (4): for the ! , " and four-pion contribu-

 0

 500

 1000

 1500

 2000

 0.2  0.4  0.6  0.8  1  1.2  1.4

dN
µµ

/d
M

 (
co

un
ts

)

M (GeV)

semicentral In-In
all qT
Tc=Tch=175 MeV

sum
DY

4!  mix
FO + prim "

prim "
QGP+DD
in-med "

NA60

 0

 200

 400

 600

 800

 1000

 1200

 0.2  0.4  0.6  0.8  1  1.2  1.4

dN
µµ

/d
M

 (
co

un
ts

)

M (GeV)

central In-In

all qT

Tc=Tch=175 MeV

sum
DY

4!  mix
FO+prim "

prim "
QGP+DD
in-med "

NA60

FIG. 7: (Color online) NA60 excess dimuon spect ra [13] in
semicent ral (upper panel) and cent ral (lower panel) In-In col-
lisions at SPS compared to theoret ical calculat ions using an
in-medium e.m. spect ral funct ion. The individual cont ribu-
t ions arise from in-medium ! -mesons [24] (dash-dot ted red
line), 4" annihilat ion with chiral V -A mixing (dashed blue
line), QGP plus correlated open charm decays (dot ted orange
line) and Drell-Yan annihilat ion (solid turquoise line); t he up-
per dashed brown line is the sum of the above, while the solid
purple line addit ionally includes in-medium # and $ decays as
well as freezeout plus primordial ! s (solid black line). In the
semi-cent ral data, the uncertainty due to the %cocktail sub-
t ract ion is indicated by the open and Þlled data points (the
former are based on an est imated %yield at high qT while the
lat ter represent an upper limit on the %by subt ract ing the
dimuon spect rum to zero at threshold).

t ions one has zn
! with n = 2, 3, 4, respect ively, while

for the # one has z2
K á$2

s , where $s ! 0.75 accounts for
st rangeness undersaturat ion for medium-size nuclear col-
lision systems at the SPS [84]. In addit ion, appropriate
fugacit ies Þgure into the various in-medium selfenergy
contribut ions.

Init ial comparisons [13] of NA60 data to theoret ical
predict ions [14] have focused on the contribut ion from
the ! meson which dominates in the LMR. The shape of
the in-medium ! -spectral funct ion describes the experi-
mental spectra well, but the absolute yields have been
overest imated by " 30%. This discrepancy has been re-
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would leave signiÞcant room for other contribut ions, e.g.
thermal radiat ion.

To shed more light on the cont inuum yield we have
studied the centrality dependence of the yield in three
mass windows, below 100 MeV/ c2, from 150 to 750

MeV/ c2 and 1.2 to 2.8 GeV/ c2. The top panel of Fig. 3
shows the centrality dependence of the yield in the mass
region 150Ð750 MeV/ c2 divided by the number of par-
t icipat ing nucleon pairs (Npar t / 2). For comparison the
yield below 100 MeV/ c2, which is dominated by low pT
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To shed more light on the cont inuum yield we have
studied the centrality dependence of the yield in three
mass windows, below 100 MeV/ c2, from 150 to 750

MeV/ c2 and 1.2 to 2.8 GeV/ c2. The top panel of Fig. 3
shows the centrality dependence of the yield in the mass
region 150Ð750 MeV/ c2 divided by the number of par-
t icipat ing nucleon pairs (Npar t / 2). For comparison the
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FIG. 6: Total integrated yield for RHIC showing the sum of partonic cont ribut ions and the hadronic cont ribut ion with chemical
freezeout after a rescaling by the number of part icipants to Þx the overall yield.
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FIG. 7: Total integrated yield for RHIC showing the partonic cont ribut ion and the hadronic cont ribut ion with and without
chemical freezeout . A lso shown is the yield using a schemat ic supersaturated pion gas.

two calculat ions the result ing yields are comparable.

V . CON CL U SI ON S

In conclusion we have calculated the yields of di-elect ron pairs expected from thermal sources from Au-Au
collisions at RHIC. We have considered a chemically equilibrated and a chemically o! -equilibrium hadronic
phase. Even though o! -equilibrium e! ects help explain part of the low mass enhancement seen in the data
there is st ill a large discrepancy. We have also shown the results from a schemat ic super-saturated pion gas, which
when the correct normalizat ion is taken into account , will probably have only a minimal e! ect in explaining the excess.
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2.
QCD SUM R ULES

in 
Vacuum and In -Medium



CURRENT-CURRENT  CORRELATION  FUNCTION:
...  write as  (twice subtracted)DISPERSION RELATION

OPERATOR PRODUCT EXPANSION  (Wilson):

...  expand at  LARGE  SPACELIKE 

Reminder of  QCD  SUM  R ULES

! (q2) = ! (0) + ! !(0) q2 +
q4

!

!
ds

I m ! (s)
s2(s ! q2 ! i ")

q2 = ! Q2 < 0

for iso vector v ector  current:

c1 =
9
2

!
m2

u + m2
d

"

c2 =
! 2

2
!
" s

!
G2" + 6! 2 (

mu ! øuu" + md! ødd"
)

c0 =
3
2

!
1 +

! s

"

"

12! 2 ! (q2 = ! Q2) = ! c0 Q2 ln
!

Q2

µ2

"
+ c1 +

c2

Q2 +
c3

Q4 + ...

c3 = ... condensates of 
higher dimension

(uncer ta in )  

(small ) (leading ) 

(small ) 
! m 2

! f 2
! " ! (0.11 GeV )4

(Shifman, Vainshtein, Zakharov)

! (0.3 GeV )4

B.L. Ioffe,  Prog. Part. Nucl. Phys. 56 (2006) 232



resonance

continuum

s

R(s)

s0

QCD  SUM  R ULES  for  
MOMENTS   of  SPECTRAL FUNCTIO NS

perform BOREL transformation:

12! 2 ! (0) +
! !

0
dsR(s) exp

"
!

s
M 2

#
= c0 M 2 + c1 +

c2

M 2 +
c3

2M 4 + ...

delineate resona nce  and continuum  parts of spectral function:

gap
0

example ! meson:

R(s) = R! (s) ! (s0 ! s) +
3
2

!
1 +

" s

#

"
! (s ! s0)

take M 2 > > s0 and expand:

sum r ules  for MOMENTS of R(s):
! s0

0
dsR(s) =

3
2

s0

"
1 +

! s(s0)
"

#
+ c1 ! 12" 2 ! (0)

! s0

0
dssR(s) =

3
4

s2
0

"
1 +

! s(s0)
"

#
! c2

0th moment :

1st moment :

F. Klingl, W. W. :  EPJ A 4 (1999) 225



QCD  SUM  R ULES  for  
MOMENTS  of  SPECTRAL FUNCTIO NS (contd.)

resonance

continuum

s

R(s)

s0

relation between gap and chir al s.b. scale   
!

s0 4! f!

examine ! meson in vacuum ,   leading terms: 

R! (s) =
12! 2 m2

!

g2 " (s ! m2
! )

!
s0 = 4! f !

assume :

0th moment: 1st moment:
! s0

0
dsR! (s) =

3
2

s0

! s0

0
dssR! (s) =

3
4

s2
0

m 2
! = 2 g2 f 2

"

(KSFR  +  W einber g  +  W ess-Zumino )

g = 2!



90 E. Murto. W. Wei.sL'/ Pltr.siL'.s

gap edge amollnt to incorporating l /N, corrections

to  the zero wid th  spect rum (9) .

ln practice the calculat ion proceeds as fol lows.

Consider the p meson f irst.  The resonant part of the

spectr lrm is well  described Lrsing eff 'ect ive f ield the-

ory as shown in Ref. [6],  inclLrding p@ rnixing.

Guided by this approach we Ltse a paralnetr ized

form.  g iven in  Ref .  [12] .  which reproduces the e*e
- n* rr- data (see dashed curve in Fig. I  ) .  We let

the QCD continuum start &t ^!,  :  2 GeV r and Llse i t

l inear  in terpo la t ion across the in terva l  0 .8  GeV r  <  r
(  s ,  centered at  l r  (dashed-dot ted curve in  F i -u .  l ) .

When added to the tai l  of the D resonance this

interpolat ion obviously works well  in reproducin-e

the  t o ta l  e *e  - -+  2 r . 4 r r . . . .  d i i t a  i n  t he  1 :  I  chan -

ne l .  We now employ the sum ru les (7)  wi th  . ! r r  :  . r ,

and check overa l l  cons is tency,  us ing cy, ( . r , , )  :  t l . - lg .

For  the lowest  moment  wi th  N:  0  the le f i -hand s ide

g i ves  / , i ' d sR , , ( . r ) :  , 3 .517  GeVr ,  wh i l e  t he  r i gh t -hand

s ide  g i ves  3 . -521  GeVr .  Fo r  N :  I  t he  l . h . s .  i n teg ra l

g i ves  / , i ' d . r . iR , , ( s ) :  3 .17  GeVr .  wh i l e  t he  r . h . s .  us -

ing a  g luon condensate ( (  a  , /  r r )G)  )  :  (Ct . :0  GeV) l

v ie lds  3 .32 GeV*.  The degree of  numer ica l  cons is-

Lattar.s B 1,\2 (2000) 87 92

tency is remarkable but should of course not be

emphasized too much. given for example the uncer-

tainty in the vi i lue of the gluon condensate. We have

also neglected the detai led renormalization point de-

pendence of  ( (  o , /  n \G)  )  (which can saf -e ly  be

done) .  The second moment  (  N:  2)  invo lves L lncer-

tain four-quark condensates and is more sensit ive to

the detai led forrn of the spectrum at higher energies.

I ts  d iscLrss ion wi l l  be de legated to  a  for thcont ing

paper. but at this point we can already conclude that

the usuul factorization ansatz for the four-quark con-

densate assurning -urouncl state dominance appears

not to be lust i f ied: factorizaticln r.rnderestinrates the

four-quark condensate by a large arnount. Thc clc-

ta i led assessment  tnust  a lso inc lude the renornta l iza-

t ion po in t  dependence which can p lay a  non-ncg l i -u i -

b le  ro le  in  the rn ix ing o f  d i f ferent  four -quark  con-

densates. The low ( ,N : 0.1 ) spectral moments ot.t

which we so le ly  fbcus in  th is  paper .  are  o f  course

l ' ree o t '  sueh uneer la in t ics .

For the r, , l  nreson spectrunr we are again gLrided

by the effect ive La-trangian approach (Ref. [6]).  fne

resonant  par t  is  parar re t r ized as in  Ref .  [ lO] .  (W.

10

q;== t'

o

C'

2 .51 . 50.5
1

s (GeV')

ccn t red  a t  l r  -  (4 r l - ) r :  so l i d  l i ne :  sun r

t r iangles I t4]  and dianronds I l -5]  f rorn tota l  e-e --  r rz '  wi th r  evcr l .

!
e+ e!

→ n !
(n even)

e+ e! ! ! + ! !

!
s0 = 4! f! = 1.16 GeV

3
2

!
1 +

! s

"

"
#(s ! s0 )

resonance

continuum

!
!

!

g
g

  QCD  Vacuum Sum Rules:  detailed     meson analysis !

use:    chiral effective Þeld theory  incl.  vector mesons
F. Klingl, N. Kaiser,  W. W. :  Nucl. Phys.  A 624 (1997) 527

! s0

0
dsR(s) =

3
2

s0

"
1 +

! s(s0)
"

#
+ c1 ! 12" 2 ! (0)

c2 =
! 2

2
!
" s

!
G2" # 6! 2 m2

! f 2
!

! s0

0
dssR(s) =

3
4

s2
0

"
1 +

! s(s0)
"

#
! c2

E. Marco, W. W. 
Phys. Lett. B 482 (2000) 87

g = 6.05

! s(s0 ) = 0.5

m
2
! f

2
! = (0.11GeV)4

Y. Kwon, M. Procura, W.W.  (2007)

consistency between 
0th and 1st moments

to < 2%

with
!

s0 = 4! fπ

!
! s

"
G 2" = (0.3 GeV )4
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Phenomenologicalside

! mesonspectral functions
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Rapp,Wambach [ Adv.Nucl.Phys.25,1 (2000)]
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In -Medium     MESO N Spectr al Functions

   R. Rapp, J.  Wambach;  
 Adv. Nucl. Phys. 25 (2000) 1

!

!
nuclea r
matter

F. Klingl, N. Kaiser,  W. W. ;  
Nucl. Phys.  A 624 (1997) 527

KKW :  RW :  

RW

KKW

vacuum
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T = 0

! = ! 0 = 0.15 fm−3



IN -MEDIUM  QCD  SUM  R ULES  for  
MOMENTS  of  SPECTRAL FUNCTIO NS 

expect:   density dependent gap / chir al s.b. scale  

Test case :  Þnite baryon density   ,  T = 0, !

!
s0 = 4! f! "

!
s!
0
(" ) = 4! f !

! (" ) # 4! f!

"
1 $

#N

2m2
! f 2

!
"
#

0th moment:

1st moment:

! s
!
0

0
dsR(s, ! ) =

3
2

s!
0

"
1 +

" s(s!
0)

#

#
!

3#2

M N

!

!
s

!
0

0
dssR(s, ! ) =

3
4

s!
0

2
"

1 +
" s(s!

0)
#

#
− (c2 + $c2(! ))

case study:  in-medium    meson spectral function!

NO  dependence on (unknown) four -qua r k condensates  ... 
... which enter only in the 2nd moment

c2 =
! 2

2
!
" s

!
G2" + 6! 2 (

mu ! øuu" + md! ødd"
)

 vacuum condensates:
+

in-medium changes: ! c2(" ) = 3#2"
!

M N A1 !
4
27

M (0)
N + 2$N

"

2.4

! 0.15
!
! 0

!q = 0



IN -MEDIUM  QCD  SUM  R ULES  for  
MOMENTS  of  SPECTRAL FUNCTIO NS (contd.) 

! c2(" ) = 3#2"
!

M N A1 !
4
27

M (0)
N + 2$N

"

input (r.h.s.): 

1st moment of
parton distribution 

from DIS

A1 ! 1

2 x momentum fraction
carried by quarks 

in the nucleon 

density dependence 
of gluon condensate

M (0)
N ! 0.88GeV

nucleon mass 
in the chiral limit

(ChPT)

density dependence 
of quark condensate

! N ! 45M eV

pion-nucleon
sigma term

(emp.)

input (l.h.s.): 

0 0.2 0.4 0.6 0.8 1 1.2
! """"

s #GeV$

0.01

0.1

1

10

R
!

in vacuum
! " ! 0

!calculated in-medium    
    meson spectral function!

F. Klingl, N. Kaiser,  W. W. : 
Nucl. Phys.  A 624 (1997) 527

meson
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IN -MEDIUM  QCD  SUM  R ULES  for  
MOMENTS  of  SPECTRAL FUNCTIO NS (contd.) 

Y. Kwon, M. Procura, W. W.  (2007)

*

! s!
0

0
dssR(s, ! ) = F (s!

0, ! )
! s!

0

0
dsR(s, ! )  detailed analysis : RHSLHS

result:
!

s!
0 = 4! f !

! (" = " 0 ) = 1.01 GeV

compare vacuum:

!
s0 = 4! f! = 1.16 GeV

... consistent with:

f !
! (! )
f !

! 1 "
" N

2m 2
! f 2

!

about Brown-Rho Scaling :

deÞne m̄
2(! ) =

! s!
0

0 dssR(s, ! )
! s!

0
0 dsR(s, ! )

,  then
øm(! 0 )
m !

!
f !
" (! 0 )

f"
within  < 3%

KKW 
spectral function 
(chiral dynamics)

!
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detailed error analysis 

largest uncertainty from QCD corr ections

Intr oduction QCD sum rules Numerical results Summar y

Uncertainties in OPE

QCD running coupling62
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1

! s(Q2)

Q [GeV]

(a) (b)

Figure 8: (a) From [6]: summary of measurements of ! s(Q2) . (b) From [166]: compari-
son between the 1-loop analyt ic coupling (107) with ! (n f = 3) = 206MeV, and the values of
! s Þt t ing experimental data on quarkonium spectrum within Salpeter formalism (circles,
pentagrams and squares refer to light -light states, diamonds and crosses to heavy-heavy,
plus signes and asterisks to light -heavy states).

As it can be seen the agreement is very good inside the errors and this con-
st itutes a very signiÞcant test for QCD. Note, however, that assuming all
expressions equally normalized at MZ = 91.2GeV the di! erence between the
3-loop and the 4-loop expressions is of order 1/ 10000 in the interval from 10
to 200 GeV, it becomes of the order 1/ 1000 between 2-loop and 4-loop and of
few per cent between 1-loop and 4-loop. We have in this way the proof that
at three loops the theory is pract ically at convergence in comparison with
the precision of the experimental data and that two loops (naturally after
the appropriate rescaling of " ) is already a very good approximat ion in the
considered range 8. The choice of a part icular RS or another is essent ially
immaterial. However, under a scale of few " (nf = 3) (let us say 2 GeV), the
MS becomes useless, due to the Landau singularit ies, and we have to refer to
any alternat ive scheme free of unphysical singularit ies and to follow it very
consistent ly. A comparison with the data becomes RS dependent and would
have no meaning out of the well deÞned framework.

8Obviously the di" erence explodes near the singularity.

Prosperi,Raciti,Simolo[ Prog.Part.Nucl.Phys.58,387(2007)]

! Thelargestuncertaintyin OPE.

! ! s(1GeV) ! 0.5 ± 0.03

! NNLO expressionin MS scheme

Gluon condensate
B. L. Io! e [ Prog.Part.Nucl.Phys.56,232(2006)]

!
!

! s
" G2

"
! 0.005± 0.004GeV4

Youngshin Kwon Impr oved QCD sum rules for vector mesons 11/21

include corrections up to order ! 3
s

use ! s(1GeV ) = 0.50 ± 0.03 and NNLO M S

G.M. Prosperi, M. Raciti, C. Simolo
Prog. Part. Nucl. Phys.

58 (2007) 387

S. Bethke
Prog. Part. Nucl. Phys.

58 (2007) 351
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QCD sum rule equations
In vacuum

Coe! cients& perturbati vecorrections

! ! n hasincludedtheperturbativeQCD correctionsup to O(" 3
s).

Marco,Weise[ Phys.Lett.B482,87 (2000)]

! n = " s
# +

!
" s
#

"2#
$%A12 ! 2

n+1A22

&
$' +

!
" s
#

"3#
$%A13 ! 2

n+1A23 +
!

6
(n+1)2 ! #2

"
A33

&
$'

A11 A12 A22 A13 A23 A33

1 1.641 -1.125 -10.28 -5.69 1.69

! c1 proportionalto m2
q is negligibly small.

! c2 = #2

3

(
" s
# G2

)
+ 4#2 *

mu" øuu#+ md" ødd#
+

! c3 is proportionalto unknown four quark condensates"( øqq)2#.
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QCD sum rule equations
In vacuum

Sum rule equationsfor the moments
R(s) = Rres! (s0 ! s) + dV(1 + "n) ! (s ! s0)

! "
s0 < M

"

!"#$%&%'"

'$%()%**+

s

R (s)

s0
0

R(s) =

# s0

0
dssnR(s)

= dV

$
%%%%%&

sn+1
0

n + 1
(1 + "n) + (! 1)ncn+1

'
%%%%%(
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QCD  C ORRECTIO NS
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! meson

KKW spectrum
[ in vacuum: ! = 0 ] [ in medium: ! = ! 0 ]
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IN -MEDIUM  QCD  SUM  R ULES  for  
MOMENTS  of  SPECTRAL FUNCTIO NS (contd.) 

KKW  spectral functionvacuum (! = 0)

in -medium (! = ! 0 = 0.15 fm ! 3 )

m̄
2(! ) =
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0

0 dssR(s, ! )
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0
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! 0.88

BR scaling:  o.k.

F. Klingl, N. Kaiser,  W. W. ; Nucl. Phys.  A 624 (1997) 527
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RW  spectral functionvacuum

in -medium

(! = 0)

(! = ! 0 = 0.15 fm ! 3 )

   R. Rapp, J.  Wambach;  Adv. Nucl. Phys. 25 (2000) 1

!
s0 = 1.13 ± 0.01 GeV

!
s!

0 = 1.09 ± 0.01 GeV
!

s!
0

s0
! 0.96 "

f !
! (! 0)

f !

m̄
2(! ) =

! s!
0

0 dssR(s, ! )
! s!

0
0 dsR(s, ! )

øm(ρ0 )
m !

! 0.95

BR scaling:  no



! s0

0
ds R! (s) = s0c0 + c1 ! 12! 2! (0) (11)

! s0

0
ds sR! (s) =

s2
0

2
c0 ! c2 (12)

! s0

0
ds s2R! (s) =

s3
0

3
c0 + c3 (13)

øm2(" ) =

" s0

0 ds sR(s, " )
" s0

0 ds R(s, " )
(14)

f !
" ,theo = f "

#
1 !

#N " 0

m2
" f 2

"
= 74.4 MeV (15)

information

¥ Spectrum calculated by Klingl et. al.

Ð rangesof
"

s0 in vacuum (" = 0)

(a) 1.112 GeV <
"
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(b) 1.133 GeV <

"
s0 < 1.200 GeV

(c) 1.133 GeV <
"

s0 < 1.181 GeV

Ð rangesof
"

s0 in medium (" = " 0)

(a! ) 0.963 GeV <
$

s!
0 < 1.053 GeV

(b! ) 1.003 GeV <
$

s!
0 < 1.085 GeV

(c! ) 1.003 GeV <
$

s!
0 < 1.053 GeV

79.8 MeV < f !
" < 83.8 MeV

0.687 GeV < øm < 0.703 GeV

Ð for #øqq$= ! (0.25± 0.03)3 GeV3,

3.1 < $(" = 0,
"

s0 = 4! f " ) < 13.2

1.3 < $(" = " 0,
$

s!
0 = 1.01 GeV) < 15.9

¥ Spectrum calculated by Rapp et. al.
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About  4 -QU ARK C ONDENSA TES2.5

Sum rules for 0th and 1st moments:

RHS quantities 
accurately determined 

(pQCD + lowest-dimensional condensates)

2nd
 moment

... involves 
4-qua r k condensates

Consistency of factorization with leading two moments ?

Factor ization ! øq! q øq! q" # ! ! øqq"2

NO  ! ! > 3 required both in vacuum and in-medium

?



CONCL USIO NS3.

 QCD SUM R ULES  for 
Þrst two MOMENTS  of SPECTRAL DISTRIB UTIO N

are accur ate , both in vacuum  and in -medium

ÒMass Shift Ò against ÒBr oadening Ò is not  an issue:
investigate 1st moment of  spectr al f unction

in the window of  Òlow-mass enhancementÓ

Brown-Rho Scaling 
to be seen as a statement about the Þrst moment of the spectrum:

m̄
2(! ) =

! s!
0

0 dssR(s, ! )
! s!

0
0 dsR(s, ! )

øm(! 0 )
m !

!
f !
" (! 0 )

f"

further steps: 
Þnite temper atur e (incl.             mixing)

non-zero thr ee-momentum  (longitudinal vs. transverse)
! ! a1


