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CHIRAL SU(3) EFFECTIVE  FIELD  THEORY

Interacting systems of  NAMBU-GOLDSTONE BOSONS  
(pions, kaons) coupled to BARYONS

+ + ...

Low-Energy Expansion:  CHIRAL  PERTURBATION  THEORY
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Thus, it is useful to review also in detail effective coupled-channel field theories
based on the chiral Lagrangian.

The task to construct a systematic effective field theory for the meson-baryon
scattering processes in the resonance region is closely linked to the fundamental ques-
tion as to what is the ’nature’ of baryon resonances. The radical conjecture10), 5), 11), 12)

that meson and baryon resonances not belonging to the large-Nc ground states are
generated by coupled-channel dynamics lead to a series of works13), 14), 15), 17), 16), 18)

demonstrating the crucial importance of coupled-channel dynamics for resonance
physics in QCD. This conjecture was challenged by a phenomenological model,11)

which generated successfully non-strange s- and d-wave resonances by coupled-channel
dynamics describing a large body of pion and photon scattering data. Of course,
the idea to explain resonances in terms of coupled-channel dynamics is an old one
going back to the 60’s.19), 20), 21), 22), 23), 24) For a comprehensive discussion of this
issue we refer to.12) In recent works,13), 14) which will be reviewed here, it was shown
that chiral dynamics as implemented by the ! −BS(3) approach25), 10), 5), 12) provides
a parameter-free leading-order prediction for the existence of a wealth of strange and
non-strange s- and d-wave wave baryon resonances. A quantitative description of
the low-energy pion-, kaon and antikaon scattering data was achieved earlier within
the ! -BS(3) scheme upon incorporating chiral correction terms.5)

§2. Effective field theory of chiral coupled-channel dynamics

Consider for instance the rich world of antikaon-nucleon scattering illustrated in
Fig. 1. The figure clearly illustrates the complexity of the problem. The K̄N state
couples to various inelastic channel like " # and " $ , but also to baryon resonances
below and above its threshold. The goal is to bring order into this world seeking a
description of it based on the symmetries of QCD. For instance, as will be detailed
below, the $ (1405) and $ (1520) resonances will be generated by coupled-channel
dynamics, whereas the # (1385) should be considered as a ’fundamental’ degree of
freedom. Like the nucleon and hyperon ground states the # (1385) enters as an
explicit field in the effective Lagrangian set up to describe the K̄N system.

The starting point to describe the meson-baryon scattering process is the chiral
SU(3) Lagrangian (see e.g.26), 5)). A systematic approximation scheme arises due to a
successful scale separation justifying the chiral power counting rules.27) The effective
field theory of the meson-baryon scattering processes is based on the assumption
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Fig. 1. The world of antikaon-nucleon scattering
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Fig. 1. Real and imaginary parts of the K−p forward scattering amplitude calculated in the chiral SU(3) cou-
pled-channels approach [23], as functions of the invariant K̄N center-of-mass energy

√
s. Real and imaginary parts of the

scattering length deduced from the DEAR kaonic hydrogen measurements [27] are also shown. The dotted line indicates
the leading order (Tomozawa–Weinberg) K−p → K−p amplitude for comparison.

The off-shell s-wave K−p amplitude resulting from the coupled-channel calculation [23] can
be given a convenient approximate parametrisation as follows:

F s-wave
K−p = MN

4! f 2
K

√
s

(
" + apm2

K + bp" 2)
(

1 +
√

s#0

M2
0 − s − i

√
s$0(s)

)
, (3)

with the kaon decay constant fK $ 0.11 GeV, ab $ −bp $ 1 GeV−1, #0 $ 0.25 GeV and the
%(1405) mass and energy-dependent width (M0,$0(s)), notably with M0 shifted upward by
about 10 MeV from its nominal value. This form is useful for practical purposes and reflects
the behavior of the leading and next-to-leading order terms as well as the non-perturbative part
involving the dynamically produced resonance.

2.3. An equivalent pseudopotential

In applications to nuclear few-body systems it is convenient to translate the leading K̄N

s-wave interaction into an equivalent potential in the laboratory frame (where the nucleon is ap-
proximately at rest). The leading order piece (the Tomozawa–Weinberg term) can be viewed as
resulting from vector meson exchange [28]. Starting from the non-linear sigma model in SU(3),
introduce gauge couplings of the vector meson octet to the pseudoscalar octet and fix a universal
vector coupling constant g $ 6 such the &→ ! +! − width is reproduced. Then construct vector
meson couplings to the SU(3) octet baryons through their conserved vector currents. The corre-
sponding piece of the reduced K̄N interaction Lagrangian which generates the t-channel vector
meson exchange K̄N amplitude at tree level, with vector meson mass mV , is

' L(K̄N) = ig2

4

(
K−(µK+ − K+(µK−)[

( 2 + m2
V

]−1 ¯) N#µ(*3 + 3)) N, (4)

where K± are the charged kaon fields and ) N = (p,n)T is the isodoublet nucleon field. The
isovector (*3) piece comes from & exchange and the isoscalar part (with its typical factor of 3)
comes from " exchange, while + exchange does not contribute as long as there are no strange
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CHIRAL SU(3) COUPLED CHANNELS DYNAMICS
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Note: ENERGY DEPENDENCE characteristic of Nambu-Goldstone Bosons

Leading s-wave I = 0 meson-baryon interactions (Tomozawa-Weinberg)
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CHIRAL SU(3) COUPLED CHANNELS DYNAMICS
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Figure 1: Feynman diagrams for the meson-baryon interactions in chiral perturbation theory.
(a) Weinberg-Tomozawa interaction, (b) s-channel Born term, (c) u-channel Born term, (d)
NLO interaction. The dots represent the O(p) vertices while the square denotes the O(p2)
vertex.

where qi , Mi and Ei are the momentum, the mass and the energy of the baryon in channel i, and χσi is
the two-component Pauli spinor for the baryon in channel i. Applying the s-wave projection (11), we
obtain the WT interaction

V WT
ij (W ) = −Cij

4f2
(2W − Mi − Mj )

√
Mi + Ei

2Mi

√
Mj + Ej

2Mj
. (15)

The Cij coefficients express the sign and the strength of the interaction for this channel. With the
SU(3) isoscalar factors [101, 102], it is given by [103, 104]

Cij =
∑

α

[6 − C2(α)]

(
8 8 α

Iī , Yī Ii , Yi I, Y

)(
8 8 α

Ij̄ , Yj̄ Ij , Yj I, Y

)
, (16)

Y = Yī + Yi = Yj̄ + Yj , I = Iī + Ii = Ij̄ + Ij ,

where α is the SU(3) representation of the meson-baryon system with C2(α) being its quadratic Casimir,
Ii and Yi are the isospin and hypercharge of the particle in channel i (i stands for the baryon and ī for
the meson). Explicit values of Cij for the S = −1 meson-baryon scattering can be found in Ref. [8]. It
is remarkable that the sign and the strength of the interaction (15) are fully determined by the group
theoretical factor Cij . This is because the low energy constant is absent in the Lagrangian (13), as it
is derived from the covariant derivative. In the language of current algebra, this is the consequence
of the vector current conservation (Weinberg-Tomozawa theorem) [74, 75]. Indeed, at threshold of
the πN → πN amplitude, Eq. (15) gives the scattering length (the relation of the T-matrix with the
nonrelativistic scattering amplitude is summarized in Appendix)

aπN →πN =






MN

4π(MN + mπ)

mπ

f 2
for I = 1/2

− MN

8π(MN + mπ)

mπ

f2
for I = 3/2

,

in accordance with the low energy theorem.
It is also remarkable that the phenomenological vector meson exchange potential [6] leads to the

same channel couplings with Cij when the flavor SU(3) symmetric coupling constants are used. In fact,
with the KSRF relation g2

V = m2
V /2f 2 [105, 106], the vector meson exchange potential reduces to the

contact interaction V ∝ Cij /f2 in the limit mV → ∞.
Another important feature of Eq. (15) is the dependence on the total energy W . This is a consequence

of the derivative coupling nature of the NG boson in the nonlinear realization. The energy dependence
is an important aspect for the discussion of the s-wave resonance state.
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CHIRAL SU(3) COUPLED CHANNELS DYNAMICS:
-  NLO hierarchy of driving terms  -

leading order  (Weinberg-Tomozawa) terms
input: physical pion and kaon decay constants

direct and crossed Born terms
input:  axial vector constants
D and F from hyperon beta decays

Now we turn to the baryons which are introduced as matter fields in the nonlinear realization [93, 94].
The octet baryon fields are collected as

B =





1!
2
Σ0 + 1!

6
Λ Σ+ p

Σ" − 1!
2
Σ0 + 1!

6
Λ n

Ξ" Ξ0 − 2!
6
Λ



 ,

which transforms under g ∈ SU(3)R × SU(3)L as

B
g→ hBh†, B̄

g→ hB̄h†,

with h(g, u) ∈ SU(3)V . For baryons, the mass term M0Tr(B̄B) is chiral invariant even if the quark
masses are absent. The mass term brings the additional scale M0 in the theory, which causes problems
in the counting rule of Lagrangian and eventually in the systematic renormalization program. An
elegant method to avoid this difficulty is the heavy baryon chiral perturbation theory [95], where the
baryon fields are treated as heavy static fermions and the limit M0 → ∞ is taken. Here we follow
Refs. [96, 97, 98] to construct the relativistic chiral Lagrangian with keeping the common mass of the
octet baryons M0 finite.4 We define the following quantities

! + = u! †u + u†! u†, ! " = u! †u − u†! u†,

uµ = i{u†(" µ − irµ)u − u(" µ − ilµ)u†},

Γµ =
1

2
{u†(" µ − irµ)u + u(" µ − ilµ)u†}.

The latter two quantities are related to the vector (Vµ) and axial vector (Aµ) currents as Aµ = −uµ/2

and Vµ = −iΓµ. These quantities are transformed as O
g→ hOh†, except for the chiral connection Γµ,

which transforms as
Γµ

g→ hΓµh
† + h" µh

†.

Then the covariant derivatives for the octet baryon fields can be defined as

DµB = " µB + [Γµ, B].

The power counting rule for baryon fields is given by

B, B̄ : O(1), uµ, Γµ, (i /D − M0)B : O(p), ! ± : O(p2).

With these counting rules, we can construct the most general effective Lagrangian for meson-baryon
system as

Leff(B, U) =
#∑

n=1

[LM
2n(U) + LMB

n (B,U)],

where LMB
n (B, U) consists of bilinears of B field with the chiral order O(pn). In the lowest order O(p),

we have

LMB
1 = Tr

(
B̄(i /D − M0)B +

D

2
(B̄#µ#5{uµ, B}) +

F

2
(B̄#µ#5[uµ, B])

)
, (9)

4In this paper we utilize chiral perturbation theory for the meson-baryon scattering amplitude up to O(p2) where no
loop diagram appears. At O(p3), an appropriate renormalization procedure in the relativistic scheme [99, 100] must be
introduced.
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next-to-leading order (NLO)
input:  7 low-energy constants

gA = D + F = 1.26

O(p2)
where D and F are low energy constants related to the axial charge of the nucleon gA = D + F ∼
1.26, and M0 denotes the common mass of the octet baryons. Among many next-to-leading order
Lagrangians [96, 97, 98], the relevant terms to the meson-baryon scattering are

LMB
2 =bDTr

(
B̄{χ+, B}

)
+ bF Tr

(
B̄[χ+, B]

)
+ b0Tr(B̄B)Tr(χ+)

+ d1Tr
(
B̄{uµ, [uµ, B]}

)
+ d2Tr

(
B̄[uµ, [uµ, B]]

)

+ d3Tr(B̄uµ)Tr(uµB) + d4Tr(B̄B)Tr(uµuµ), (10)

where bi and di are the low energy constants. The first three terms are proportional to the χ field and
hence to the quark mass term. Thus, they are responsible for the mass splitting of baryons. Indeed,
Gell-Mann–Okubo mass formula follows from the tree level calculation with isospin symmetric masses
mu = md = m̂ "= ms.

3.3 Low energy meson-baryon interaction

Here we derive the s-wave low energy meson-baryon interaction up to the order O(p2) in momen-
tum space. In three flavor sector, several meson-baryon channels participate in the scattering, which
are labeled by the channel index i. The scattering amplitude from channel i to j can be written as
Vij(W, Ω,σi,σj) where W is the total energy of the meson-baryon system in the center-of-mass sys-
tem, Ω is the solid angle of the scattering, and σi is the spin of the baryon in channel i. Since we
are dealing with the scattering of the spinless NG boson off the spin 1/2 baryon target, the angular
dependence vanishes and the spin-flip amplitude does not contribute after the s-wave projection and
the spin summation. Thus, the s-wave interaction depends only on the total energy W as

Vij(W ) =
1

8π

∑

σ

∫
dΩ Vij(W, Ω, σ,σ). (11)

In chiral perturbation theory up to O(p2), there are four kinds of diagrams as shown in Fig. 1. For the
s-wave amplitude, the most important piece in the leading order terms is the Weinberg-Tomozawa (WT)
contact interaction (a). The covariant derivative term in Eq. (9) generates this term which can also be
derived from chiral low energy theorem. At order O(p), in addition to the WT term, there are s-channel
Born term (b) and u-channel term (c) which stem from the axial coupling terms in Eq. (9). Although
they are in the same chiral order with the WT term (a), the Born terms mainly contribute to the p-wave
interaction and the s-wave component is in the higher order of the nonrelativistic expansion [72]. With
the terms in the next-to-leading order Lagrangian (10), the diagram (d) gives the O(p2) interaction. In
summary, the tree-level meson-baryon amplitude is given by

Vij(W, Ω,σi,σj) = V WT
ij (W, Ω,σi,σj) + V s

ij(W, Ω,σi,σj) + V u
ij (W, Ω,σi,σj) + V NLO

ij (W, Ω,σi,σj), (12)

where V WT
ij , V s

ij, V u
ij and V NLO

ij terms correspond to the diagrams (a), (b), (c) and (d) in Fig. 1,
respectively. In the following we derive the amplitude Vij(W ) by calculating these diagrams.

Let us first consider the WT interaction (a). By expanding the covariant derivative term in Eq. (9)
in powers of meson field Φ, we obtain the meson-baryon four-point vertex

LWT =
1

4f 2
Tr

(
B̄iγµ[Φ∂µΦ − (∂µΦ)Φ, B]

)
. (13)

The tree-level amplitude by this term is given by

V WT
ij (W, Ω,σi,σj) = − Cij

4f 2

√
Mi + Ei

2Mi

√
Mj + Ej

2Mj

× (χσi)T

[
2W − Mi − Mj + (2W + Mi + Mj)

qi · qj + i(qi × qj) · σ
(Mi + Ei)(Mj + Ej)

]
χσj , (14)
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Figure 4: A global simultaneous fit result of the x-ray energy spectra of hydrogen and
deuterium data. (a) Residuals of the measured kaonic-hydrogen x-ray spectrum after sub-
traction of the fitted background, clearly displaying the kaonic-hydrogen K-series transi-
tions. The fit components of the K−p transitions are also shown, where the sum of the
function is drawn for the higher transitions (greater than K! ). (b)(c) Measured energy
spectra with the fit lines. Fit components of the background x-ray lines and a continuous
background are also shown. The dot-dashed vertical line indicates the EM value of the
kaonic-hydrogen K" energy.
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strong interaction shift and width: 

“WT” approach
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Figure 4: Strong energy shift ! E and width " of kaonic hydrogen for the three approaches.
The shaded areas represent di#erent upper limits of the overall χ2/d.o.f. The 1σ confidence
region is bordered by the dashed line. See text for further details.
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NEWS  from  SIDDHARTA

Kaonic hydrogen precision data 

theory:  leading order

∆E = 283 ± 36 (stat)±6 (syst) eV

Γ = 541 ± 89 (stat)±22 (syst) eV

M. Bazzi et al.     arXiv:1105.3090 [nucl-ex]



UPDATED ANALYSIS of K−p THRESHOLD PHYSICS

Chiral SU(3) coupled-channels dynamics 
Weinberg-Tomozawa + Born terms + NLO

Γ(K−p → π
+Σ−)

Γ(K−p → π
−Σ+)

Γ(K−p → π
+Σ−

, π
−Σ+)

Γ(K−p → all inelastic channels)

Γ(K−p → π
0Λ)

Γ(K−p → neutral states)

threshold branching ratios

2.36 ± 0.04

0.66 ± 0.01

0.19 ± 0.02

2.36

kaonic hydrogen shift & width theory (NLO) exp. 

∆E (eV)

Γ (eV)

fit achieved with 

scattering length

541 ± 89 ± 22

283 ± 36 ± 6306

0.19

χ2/d.o.f ! 1.0

Re a(K−p) = −0.65 ± 0.10 Im a (K −p) = 0.81 ± 0.12(fm)

591

0.66

Y. Ikeda, T. Hyodo, W.W.  (2011)



UPDATED ANALYSIS of K−p THRESHOLD PHYSICS

Non-trivial result: 
best fit prefers physical values of decay constants:

Table 9: Summary of the subtraction constants and low-energy constants in BNW
convention[4] and meson decay constants in Model NLO3.

Channels Fock spaces ai (µ = 1GeV) × 10−3

1, 2 K̄N −2.3781
3 πΛ −16.569

4, 5, 6 πΣ 4.3498
7 ηΛ −0.0055866
8 ηΣ 1.9014

9, 10 K Ξ 15.829
f K (MeV) 110.00
f η (MeV) 118.82

b0 (GeV−1) −0.047876
bD (GeV−1) 0.0047648
bF (GeV−1) 0.040119
d1 (GeV−1) 0.086461
d2 (GeV−1) −0.10623
d3 (GeV−1) 0.092194
d4 (GeV−1) 0.063991

Table 10: Results of fitting in NLO3. The experimental values of branching ratios are
taken from [9, 10].

Observables Theory Experiment
∆E (eV) 306 283 ± 42
Γ (eV) 591 541 ± 111

γ 2.36 2.36 ± 0.04
Rc 0.659 0.664 ± 0.011
Rn 0.192 0.189 ± 0.015

aK −p (fm) −0.81 + i0.87
Poles of the Λ(1405) (MeV) 1424.2 − i26.3, 1380.7 − i81.3

16

NLO parameters are small:

Table 9: Summary of the subtraction constants and low-energy constants in BNW
convention[4] and meson decay constants in Model NLO3.

Channels Fock spacesai(µ = 1GeV) × 10! 3

1, 2 øKN −2.3781
3 πΛ −16.569

4, 5, 6 πΣ 4.3498
7 ηΛ −0.0055866
8 ηΣ 1.9014

9, 10 KΞ 15.829
fK (MeV) 110.00
fη (MeV) 118.82

b0 (GeV! 1) −0.047876
bD (GeV! 1) 0.0047648
bF (GeV! 1) 0.040119
d1 (GeV! 1) 0.086461
d2 (GeV! 1) −0.10623
d3 (GeV! 1) 0.092194
d4 (GeV! 1) 0.063991

Table 10: Results of Þtting in NLO3. The experimental values of branching ratios are
taken from [9, 10].

Observables Theory Experiment
∆E (eV) 306 283± 42
Γ (eV) 591 541± 111

γ 2.36 2.36± 0.04
Rc 0.659 0.664± 0.011
Rn 0.192 0.189± 0.015

aK−p (fm) −0.81 + i0.87
Poles of theΛ(1405) (MeV) 1424.2− i26.3, 1380.7− i81.3
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Weinberg-Tomozawa terms dominant
Born terms significant NLO:  fine-tuning correction

(fπ = 92.4 MeV )

Y. Ikeda, T. Hyodo, W.W.  (2011)
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Im a(K−p) = 0.81 ± 0.12 fm



SUMMARY

New 
consistent analysis of K̄N threshold physics and scattering data 

Substantial 
improvements through constraints provided by SIDDHARTA 
kaonic hydrogen measurements

based on chiral SU(3) effective Lagrangian at next-to-leading order 

New 
more precise evaluation of scattering lengths (~15 % accuracy) 

a(K−p) = −0.65 + 0.81 i [fm]

a(K−

n) = 0.44 + 0.73 i [fm]


