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1.
Introductory Notes

about
Chiral Order Parameters

and 
Current Correlation Functions
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CHIRAL  ORDER  PARAMETER

Pion decay constant             and              Chiral Condensate 

dependence on 
temperature and baryon density

〈ψ̄ψ〉T
〈ψ̄ψ〉T=0

S. Klimt, M. Lutz,   W. W.  
Phys. Lett. B249 (1990) 386

C. Ratti, M. Thaler,  W. W.  
Phys. Rev. D73 (2006) 014019

(ρ0 ! 0.16 fm
−3)

f2π (T, ρ)

f2π (0)
∼

〈q̄q〉T,ρ

〈q̄q〉0
= 1 −

T2

8 f2π
−

σN

m2
π f2π

ρ + ...

G. Boyd et al.
 Phys. Lett. 

B349 (1995)170

σN ! 45MeV

nucleon “sigma” term

1.1



-0.5

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5 3 3.5

s[GeV2]

(a)v1(s)

-0.2

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5 3 3.5

s[GeV2]

(b)

a1(s)

Figure 1: Vector (a) and axial-vector (b) spectral functions as given by the
parametrization (12,13) and Appendix, compared with ALEPH data [4] (the
comparison with OPAL data [5] looks very similar).
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 Spontaneous CHIRAL SYMMETRY Breaking
and  Current Algebra  Relations

Current Algebra
Weinberg Sum Rules

m2

ρ = 2g2 f2π

KSFR Relation

ma1
=

√

2mρ = 4π fπ

(g = 2π)

mρ = 775.5 ± 0.4 MeV

Γρ ! 150 MeV

ma1
= 1230 ± 40 MeV

Γa1
∼ 400 MeV

ma1

mρ

! 1.6

1.2
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ΠV
µν(q) = i

∫
d4x eiq·x〈0|T [Vµ(x)Vν(0)]|0〉

ΠA
µν(q) = i

∫
d4x eiq·x〈0|T [Aµ(x)Aν(0)]|0〉

Spectral Distributions: 

ρ (JP = 1−)

a1 (JP = 1+)
M.Barate et al. (ALEPH): Eur. Phys. J. C4 (1998) 409;  

K. Ackerstaff et al. (OPAL): Eur. Phys. J. C7 (1999) 571;

sum rule analysis:
E. Marco, W. W. : Phys. Lett. B 482 (2000) 87

Vector and Axial Vector
CURRENT CORRELATION FUNCTIONS

Πµν(q) =

(

qµqν

q2
− gµν

)

Π(q2)

R(s) = −

12π

s
ImΠ(s = q2)

=
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)

R(s)

3

1.3
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Figure 2: Vector and axial-vector spectra calculated using eqs. (12,13), at tem-
perature T = 140 MeV (solid lines) as compared to T = 0 (dashed lines).
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FINITE  TEMPERATURE :  
VECTOR - AXIAL VECTOR  MIXING 

x
pion

(from heat bath)

ρ

a1

Πµν
J

(q; T ) =
i
∑

n

∫
d4x eiq·x〈n|T [Jµ(x)Jν(0)] e−H/T |n〉

∑
n〈n|e

−H/T |n〉

Πµν

V
(q; T ) = (1 − ε) Πµν

V
(q; T = 0) + ε Πµν

A
(q; T = 0)

Πµν

A
(q; T ) = (1 − ε) Πµν

A
(q; T = 0) + ε Πµν

V
(q; T = 0)

ε =
T2

6f2
π

+ O(T 4)

V. I. Eletsky, B.L. Ioffe:  Phys. Rev.  D47 (1993) 3083,  D51 (1995) 2371

Thermal Current Correlation Functions

ρ − a1 mixing:

E. Marco, R. Hofmann,  W. W. : 
 Phys. Lett. B 539 (2002) 88

VECTOR

AXIAL

ρ

ρ

a1
a1

1.4



2.
QCD SUM RULES

in 
Vacuum and In-Medium



CURRENT-CURRENT  CORRELATION  FUNCTION:
...  write as  (twice subtracted) DISPERSION RELATION

OPERATOR PRODUCT EXPANSION  (Wilson):

...  expand at  LARGE  SPACELIKE 

Reminder of  QCD  SUM  RULES

Π(q2) = Π(0) + Π′(0) q2 +
q4

π

∫
ds

ImΠ(s)

s2(s − q2
− iε)

q2
= −Q2

< 0

for isovector vector current:

c1 =
9

2

(

m
2

u + m
2

d

)

c2 =
π2

2
〈
αs

π
G

2〉 + 6π
2
(

mu〈ūu〉 + md〈d̄d〉
)

c0 =
3

2

(

1 +
αs

π

)

12π2 Π(q2 = −Q2) = −c0 Q2 ln

(

Q2

µ2

)

+ c1 +
c2

Q2
+

c3

Q4
+ ...

c3 = ... condensates of 
higher dimension

(uncertain)  

(small) (leading) 

(0.33 GeV)4

(small) 

− m
2

π
f
2

π
" −(0.11GeV)4

(Shifman, Vainshtein, Zakharov)



resonance

continuum

s

R(s)

s0

QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS

perform BOREL transformation:

12π
2 Π(0) +

∫

∞

0

ds R(s) exp
(

−
s

M2

)

= c0 M
2 + c1 +

c2

M2
+

c3

2M4
+ ...

separate resonance and continuum parts of spectral function:

gap
0

example ρ meson:

R(s) = Rρ(s) θ(s0 − s) +
3

2

(

1 +
αs

π

)

θ(s − s0)

take M
2

>> s0 and expand:

sum rules for MOMENTS of R(s):
∫

s0

0

ds R(s) =
3

2
s0

(

1 +
αs(s0)

π

)

+ c1 − 12π
2 Π(0)

∫

s0

0

ds s R(s) =
3

4
s
2

0

(

1 +
αs(s0)

π

)

− c2

0th moment:

1st moment:

F. Klingl, W. W. :  EPJ A 4 (1999) 225



resonance

continuum

s

R(s)

s0

QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.)

relation between gap and chiral s.b. scale  
√

s0 4π fπ

examine ρ meson in vacuum,   leading terms: 

Rρ(s) =
12π2 m2

ρ

g2
δ(s − m2

ρ)

√

s0 = 4π fπ

assume:

0th moment: 1st moment:∫ s0

0

ds Rρ(s) =
3

2
s0

∫ s0

0

ds s Rρ(s) =
3

4
s
2

0

m2

ρ = 2g2 f2π

(KSFR  +  Weinberg  +  Wess-Zumino)

g = 2π



90 E. Murto. W. Wei.sL'/ Pltr.siL'.s

gap edge amollnt to incorporating l /N, corrections

to  the zero wid th  spect rum (9) .

ln practice the calculat ion proceeds as fol lows.

Consider the p meson f irst.  The resonant part of the

spectr lrm is well  described Lrsing eff 'ect ive f ield the-

ory as shown in Ref. [6],  inclLrding p@ rnixing.

Guided by this approach we Ltse a paralnetr ized

form.  g iven in  Ref .  [12] .  which reproduces the e*e

- n* rr- data (see dashed curve in Fig. I  ) .  We let

the QCD continuum start &t ^!,  :  2 GeV 
r 

and Llse i t

l inear  in terpo la t ion across the in terva l  0 .8  GeV 
r  <  r

(  s ,  centered at  l r  (dashed-dot ted curve in  F i -u .  l ) .

When added to the tai l  of the D resonance this

interpolat ion obviously works well  in reproducin-e

the  t o ta l  e *e  - -+  2 r . 4 r r . . . .  d i i t a  i n  t he  1 :  I  chan -

ne l .  We now employ the sum ru les (7)  wi th  . ! r r  :  . r ,

and check overa l l  cons is tency,  us ing cy, ( . r , , )  :  t l . - lg .

For  the lowest  moment  wi th  N:  0  the le f i -hand s ide

g i ves  / , i ' d sR , , ( . r ) :  , 3 .517  GeVr ,  wh i l e  t he  r i gh t -hand

s ide  g i ves  3 . -521  GeVr .  Fo r  N :  I  t he  l . h . s .  i n teg ra l

g i ves  / , i ' d . r . iR , , ( s ) :  3 .17  GeVr .  wh i l e  t he  r . h . s .  us -

ing a  g luon condensate ( (  a  , /  r r )G)  )  :  (Ct . :0  GeV) l

v ie lds  3 .32 GeV*.  The degree of  numer ica l  cons is-

Lattar.s B 1,\2 (2000) 87 92

tency is remarkable but should of course not be

emphasized too much. given for example the uncer-

tainty in the vi i lue of the gluon condensate. We have

also neglected the detai led renormalization point de-

pendence of  ( (  o , /  n \G)  )  (which can saf -e ly  be

done) .  The second moment  (  N:  2)  invo lves L lncer-

tain four-quark condensates and is more sensit ive to

the detai led forrn of the spectrum at higher energies.

I ts  d iscLrss ion wi l l  be de legated to  a  for thcont ing

paper. but at this point we can already conclude that

the usuul factorization ansatz for the four-quark con-

densate assurning -urouncl state dominance appears

not to be lust i f ied: factorizaticln r.rnderestinrates the

four-quark condensate by a large arnount. Thc clc-

ta i led assessment  tnust  a lso inc lude the renornta l iza-

t ion po in t  dependence which can p lay a  non-ncg l i -u i -

b le  ro le  in  the rn ix ing o f  d i f ferent  four -quark  con-

densates. The low ( ,N : 0.1 ) spectral moments ot.t

which we so le ly  fbcus in  th is  paper .  are  o f  course

l ' ree o t '  sueh uneer la in t ics .

For the r, , l  nreson spectrunr we are again gLrided

by the effect ive La-trangian approach (Ref. [6]).  fne

resonant  par t  is  parar re t r ized as in  Ref .  [ lO] .  (W.

10

q;== t'

o

C'

2 .51 . 50.5

1

s (GeV')

ccn t red  a t  l r  -  (4 r l - ) r :  so l i d  l i ne :  sun r

t r iangles I t4]  and dianronds I l -5]  f rorn tota l  e-e --  r rz '  wi th r  evcr l .

ρ
e
+
e
−

→ nπ

(n even)

e
+
e
−

→ π
+
π
−

√

s0 = 4π fπ = 1.16GeV

3

2

(

1 +
αs

π

)

θ(s − s0)

resonance

continuum

ρ

π

π

g

g

  QCD  Vacuum Sum Rules:  detailed     meson analysis ρ

use:    chiral effective field theory  incl.  vector mesons
F. Klingl, N. Kaiser,  W. W. :  Nucl. Phys.  A 624 (1997) 527

∫

s0

0

ds R(s) =
3

2
s0

(

1 +
αs(s0)

π

)

+ c1 − 12π
2 Π(0)

c2 =
π2

2
〈
αs

π
G2〉 − 6π2 m2

π
f2

π

∫

s0

0

ds s R(s) =
3

4
s
2

0

(

1 +
αs(s0)

π

)

− c2

E. Marco, W. W. 
Phys. Lett. B 482 (2000) 87

g = 6.05

αs(s0) = 0.5

〈
αs

π

G
2〉 = (0.33GeV)4

m
2

π
f
2

π
= (0.11GeV)4

Y. Kwon, M. Procura, W.W.  (2007)

consistency between 
0th and 1st moments

to < 2%

with
√

s0 = 4π fπ
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Figure 4: The photon spectral function R(ω) = (12π/ω2) ImΠ̄(ω) at finite temperature and ρB = 0 (left
panel) and at T = 0 and baryon density of normal nuclear matter, ρB = ρ0 = 0.17 fm−3 (right panel).
For orientation, the qq̄ line in the left panel shows the spectral function in the QGP phase with massless
u- and d-quarks and ms = 150 MeV for s-quarks, neglecting αs-corrections.

ΠV (T ) and leave TV N unaffected. This amounts to neglecting contributions from matrix elements
such as 〈πN |T jµ(x)jµ(0)|πN〉 (nucleon-pion scatterings where the pion comes from the heat bath).
Furthermore, this approximation does not take into consideration a possible T -dependent pion or nucleon
mass. Some effective models suggest that, near the phase transition, the nucleon mass follows the
behaviour of the chiral condensate 〈ψ̄ψ〉 and drops abruptly as the quarks lose their constituent masses.
Such modifications of particle properties may have a considerable impact on the spectral functions.
However, since the temperature range over which the dropping takes place is narrow, we expect such
effects not to leave distinct signals in the dilepton spectra which are only sensitive to the integrated time
(and hence temperature) evolution of the system.

The photon spectral function at finite density and zero temperature is depicted in figure 4 (right panel).
The interaction with nucleons causes a strong broadening of the ρ meson down to the one pion threshold,
leading to a complete dissolution of its quasiparticle peak structure. The modifications of the ω and φ
meson spectral distributions are more moderate: The mass of the ω drops by about 100 MeV at normal
nuclear matter density, and its width increases by a factor of about 5, whereas the φ mass stays close to
its vacuum value, accompanied by a ninefold increased width.

To summarize, the most prominent changes of the photon spectral function, when compared to the
vacuum case, arise from the broadening of the ρ due to finite baryon density effects and the broadening
of the ω due to scattering off thermal pions. The φ meson retains its distinct peak structure even
under extreme conditions of density and temperature. Very close to TC , however, these results based on
perturbative calculations, are not expected to be reliable.

4.3 After freeze-out contributions

At the freeze-out stage, there are still vector mesons present. These will decay with their vacuum
properties on their way to the detector and add to the dilepton yield from the previous thermalized phase.
The invariant mass region below approximately 400 MeV is mainly filled by the Dalitz decays of the
vector mesons. We take these contributions from the experimental analysis of the CERES collaboration
for SPS conditions. Since the PHENIX acceptance starts only above 1 GeV, the Dalitz decays do not
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In-Medium  Spectral Functions  of  VECTOR MESONS 

framework:   
chiral effective field theory + vector mesons + baryons
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N
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Figure 4: The photon spectral function R(ω) = (12π/ω2) ImΠ̄(ω) at finite temperature and ρB = 0 (left
panel) and at T = 0 and baryon density of normal nuclear matter, ρB = ρ0 = 0.17 fm−3 (right panel).
For orientation, the qq̄ line in the left panel shows the spectral function in the QGP phase with massless
u- and d-quarks and ms = 150 MeV for s-quarks, neglecting αs-corrections.

ΠV (T ) and leave TV N unaffected. This amounts to neglecting contributions from matrix elements
such as 〈πN |T jµ(x)jµ(0)|πN〉 (nucleon-pion scatterings where the pion comes from the heat bath).
Furthermore, this approximation does not take into consideration a possible T -dependent pion or nucleon
mass. Some effective models suggest that, near the phase transition, the nucleon mass follows the
behaviour of the chiral condensate 〈ψ̄ψ〉 and drops abruptly as the quarks lose their constituent masses.
Such modifications of particle properties may have a considerable impact on the spectral functions.
However, since the temperature range over which the dropping takes place is narrow, we expect such
effects not to leave distinct signals in the dilepton spectra which are only sensitive to the integrated time
(and hence temperature) evolution of the system.

The photon spectral function at finite density and zero temperature is depicted in figure 4 (right panel).
The interaction with nucleons causes a strong broadening of the ρ meson down to the one pion threshold,
leading to a complete dissolution of its quasiparticle peak structure. The modifications of the ω and φ
meson spectral distributions are more moderate: The mass of the ω drops by about 100 MeV at normal
nuclear matter density, and its width increases by a factor of about 5, whereas the φ mass stays close to
its vacuum value, accompanied by a ninefold increased width.

To summarize, the most prominent changes of the photon spectral function, when compared to the
vacuum case, arise from the broadening of the ρ due to finite baryon density effects and the broadening
of the ω due to scattering off thermal pions. The φ meson retains its distinct peak structure even
under extreme conditions of density and temperature. Very close to TC , however, these results based on
perturbative calculations, are not expected to be reliable.

4.3 After freeze-out contributions

At the freeze-out stage, there are still vector mesons present. These will decay with their vacuum
properties on their way to the detector and add to the dilepton yield from the previous thermalized phase.
The invariant mass region below approximately 400 MeV is mainly filled by the Dalitz decays of the
vector mesons. We take these contributions from the experimental analysis of the CERES collaboration
for SPS conditions. Since the PHENIX acceptance starts only above 1 GeV, the Dalitz decays do not
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temperature dependence density dependence

R. A. Schneider,  W.W.
EPJ A9 (2000) 357

F. Klingl, N. Kaiser,  W. W. : 
Nucl. Phys.  A 624 (1997) 527



peak structure along the time evolution of the fireball, creating a small bump on top of the completely
dissolved ρ meson that fills up the low-mass region again. Its yield after freeze-out constitutes a visible
signal that may be experimentally observable with suitable energy resolution. The φ meson contribution
clearly sticks out above the smooth ρ meson ’continuum’. To conclude, we find no distinct differences
in our calculation for the two beam energies probing dilepton production at SPS so far, in accord with
experimental findings. This indicates that the general setup of our model is fairly robust. Future data
at 20 and 80 AGeV will aid to test this statement.
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Figure 11: Left: Dilepton invariant mass spectra for transverse momenta of the e+e− pair pt < 500 MeV
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peak structure along the time evolution of the fireball, creating a small bump on top of the completely
dissolved ρ meson that fills up the low-mass region again. Its yield after freeze-out constitutes a visible
signal that may be experimentally observable with suitable energy resolution. The φ meson contribution
clearly sticks out above the smooth ρ meson ’continuum’. To conclude, we find no distinct differences
in our calculation for the two beam energies probing dilepton production at SPS so far, in accord with
experimental findings. This indicates that the general setup of our model is fairly robust. Future data
at 20 and 80 AGeV will aid to test this statement.
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of the cocktail, and the subtraction of the combinatorial background plus fake
matches. For pT <0.5 GeV/c, the combinatorial background contributes most,
ranging from 10 to 25% for semiperipheral up to central. For pT >1 GeV/c, the
statistical errors dominate. The data show a significant dependence on mass,
but hardly on centrality. To bear out the differences in mass more clearly, the
data were summed over the three more central bins and plotted vs. trans-
verse mass mT in place of pT , as shown in Fig. 5 (left). The inverse slope
parameter Teff as determined from differential fits of the mT spectra with
exp(−mT /Teff), using a sliding window in pT , is plotted on the right. The
main features of the results are remarkable and somewhat unexpected. At
very low mT , all spectra steepen rather than flatten, as expected from radial
flow, equivalent to very small values of Teff (the φ resonance, placed just in
between the upper two mass windows, does flatten as expected). Moreover,
depending on the fit region, Teff covers an unusually large dynamic range.
Finally, the largest masses have the steepest mT spectrum, i.e. the smallest
value of Teff everywhere, again contrary to radial flow and to what is usually
observed for hadrons. All this suggests that different mass regions are coupled
to basically different emission sources.
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Fig. 6. Comparison of excess mass spectrum, with no pT cut, to model predictions
made for In-In at dNch/dη=140 (semicentral bin) [6,7,8]. Data errors are purely
statistical. The open data points show the difference spectrum resulting from a
decrease of the η yield by 10% (roughly the high-pT limit of the measured η yield).
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IN-MEDIUM  QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS 

expect:   density dependent gap / chiral s.b. scale  
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IN-MEDIUM  QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.) 

δc2(ρ) = 3π2ρ

(

MN A1 −
4

27
M

(0)
N

+ 2σN

)

input (r.h.s.): 

1st moment of
parton distribution 

from DIS

A1 ! 1

2 x momentum fraction
carried by quarks 

in the nucleon 

density dependence 
of gluon condensate

M
(0)
N

! 0.88 GeV

nucleon mass 
in the chiral limit

(ChPT)

density dependence 
of quark condensate

σN ! 45 MeV

pion-nucleon
sigma term

(emp.)

input (l.h.s.): 

0 0.2 0.4 0.6 0.8 1 1.2!""""s #GeV$
0.01

0.1

1

10

R
Ρ

in vacuum
Ρ " Ρ0

ρcalculated in-medium    
    meson spectral functionρ

F. Klingl, N. Kaiser,  W. W. : 
Nucl. Phys.  A 624 (1997) 527

meson



0.96 0.98 1 1.02 1.04!""""""
s0 #GeV$

0.6

0.7

0.8

0.9

1

1
s
t
m
o
m
e
n
t
#GeV

4
$

In medium %Ρ " Ρ0&
LHS vs RHS

IN-MEDIUM  QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.) 

Y. Kwon, M. Procura, W. W.  (2007)

*

∫
s
∗

0

0

ds s R(s, ρ) = F(s∗0, ρ)

∫
s
∗

0

0

ds R(s, ρ)  detailed analysis : RHSLHS

result:
√

s∗
0

= 4π f
∗

π
(ρ = ρ0) = 1.01GeV

compare vacuum:

(within 3 %)

√

s0 = 4π fπ = 1.16GeV

... consistent with:

f∗
π
(ρ)

fπ
! 1 −

σN

2m2
π
f2
π

about Brown-Rho Scaling :

define m̄
2(ρ) =

∫
s
∗

0

0
ds s R(s, ρ)

∫
s
∗

0

0
ds R(s, ρ)

,  then
m̄(ρ0)

mρ

!

f∗π(ρ0)

fπ
within  < 3%

KKW 
spectral function 
(chiral dynamics)



0.95 1.00 1.05 1.10 1.15
0.6

0.7

0.8

0.9

1.0

1.1

s0
! !GeV"

1
st

m
o

m
en

t
!G

eV
4
" #a!$

#b!$

#c!$

Upper

Lower

% sR#s$
"s

∫ s
∗

0

0

ds R(s, ρ) =
3

2
s∗0

(

1 +
αs(s∗0)

π

)

−

3π2

MN

ρ

∫

s
∗

0

0

ds s R(s, ρ) =
3

4
s∗0

2

(

1 +
αs(s∗0)

π

)

− (c2 + δc2(ρ))

c2 =
π2

2
〈
αs

π
G

2〉 + 6π
2
(
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IN-MEDIUM  QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.) 

largest uncertainty from perturbative QCD correction

detailed error analysis 

error band assuming
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BR scaling !
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largest uncertainty from perturbative QCD correction

detailed error analysis 

error band assuming

RW spectral function 
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CONCLUSIONS3.

 QCD SUM RULES for 
first two MOMENTS of SPECTRAL DISTRIBUTION

are accurate, both in vacuum and in-medium

“Mass Shift“ against “Broadening“ is not an issue:
investigate 1st moment of spectral function

Brown-Rho Scaling 
is seen as a statement about the first moment of the spectrum:
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